PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

CHUONG V. DPUONG TRON
Bai 13. MO PAU VE PUONG TRON

PHAN A. KIEN THUC CAN NHO

I. Puong tron

Pinh nghia: BPuong tron tam O ban kinh R (R >0), .B
ki hiéu 1a (O;R), 1a hinh gom tat ca cac diém cach

diém O mot khoang bang R .

Ki hiéu (O;R) hodc (O)

A 12 m6t diém cua dudng tron (O) thita viét A e(0).

Khi d6 con néi duong tron (O) di qua diém A hay diém A
nam trén dudng tron (O).

Trén hinh v& ta thay:

- Diém A ndm trén dudng tron (O).

-Piém C ndm trong dudng tron (O).

- Piém B ndm ngoai dudng tron (O).

Tong quat:

-Piém M nam trén duong tron (O;R) néu OM =R .
-DPiém M nam trong dwong tron (O;R) néu OM <R .

- Piém M nim ngoai duong tron (O;R) néu OM >R ..
IL. Tinh d6i xirng ciia duong tron
1. Poi xirng tim

Hai diém M va M’ goi la d6i xting tdm v&i nhau qua

¥l /L
[ LU

diém 1 (hay qua tdm 1) néu I 13 trung diém cua doan M I M'

thang MM’ .
2. Pdi xing truc

Hai diém M va M’ goi 1 d6i xting truc véi nhau qua duong thang d (hay qua truc d) néu d 1a
duong trung truc cua doan MM'.
II1. TAm va truc dbi xirng ciia dwong tron

Trang: 1.
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- Puong tron 13 hinh c6 tim dbi xtmg, tim cta dudng tron 13 tim
doi xtrng cua no.
- Puong tron 13 hinh ¢6 truc d6i xing, mdi duong thing qua tim
ctia dudng tron 12 mot truc d6i xtimg ctia no.
- Puodng tron c6 mot tim ddi ximg, nhung c6 vo s6 truc dbi ximg.
PHAN B. PHAN LOAI CAC BAI TAP
I. Xac dinh diém nam trén, nim trong, nim ngoai duong tron
Bai toan 1. Trong mit phing toa dd Oxy, cho cac diém
M(0;2), N(0;-3) va P(2;—1). V& hinh va cho biét trong cac
diém da cho, diém nao nim trén, diém nao nam trong, diém

nao nam ngoai dudng tron (0;\/§ )? Vi sao?

Hwéng din: Dyng dudng tron tim O, ban kinh J5 trén mit phang toa do (xem hinh v& bén).

Gid sir diém A(21)= OA =22 + 1> =+5.
Loi giai

(Xem hinh v¢).

* Piém M(0;2) = OM =2 va M thudc Oy.

* Piém N(0;-3)=ON =3 va N thudc Oy.

* Pidm P(2;-1)=> OP=+/2>+1> =5.

Taco: OM=2<+/5 nén M nim trong duong tron tam O,
ban kinh /5.

ON=3>+/5 nén N nim ngoai (O;\/g)

OP =+/5 nén diém P nim trén (0;4/5).

Bai toan 2. Cho duong tron (O;R) va nim diém M, N, P, Q, K (hinh v&).

So sanh d6 dai cac doan thing OM, ON, OH, OK, OP véi R .
Loi giai

Ta c6 ba diém M, H, K nam trén dudng tron (O;R) nén

OM=0OH=0K=R.

Piém N nim bén trong (O;R) nén ON <R

Piém P nam bén ngoai (O;R) nén OP >R .

M

Bai toan 3. Cho duong tron (O), ban Scm va bon diém A, B, C, D thoa man OA =3cm,

OB=4cm, OC=7cm, OD=5cm. Hay cho biét mdi diém A, B, C, D nam trén, ndm trong

hay nam ngoai dudng tron (O).

Trang: 2.
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Loi giai
OA =3cm(3 <5) nén diém A nam trong dudng tron (0;5).
OB =4cm(4 <5) nén diém B nam trong dudng tron (0;5).
OC =7cm(7 > 5) nén diém C nam ngoai dudng tron (0;5).

OD =5cm nén diém D nam trén duong tron (0;5) hay
D e (0;5).

II. Chirng minh nhiéu diém cing thudc dwong tron

Bai to4n 4. Cho tam giac ABC vudng tai A c6 AB=3cm, AC =4cm . Chimg minh ring cac
diém A, B, C thudc cung mot duong tron. Tinh ban kinh cua duong tron do.
Loi gidi
Xét tam giac ABC vudng tai A .
Theo dinh li Pythagore, ta co:
BC’ = AB’+AC* =3% +4 A

(X
— BC =+/3"+4% = 5(cm)

Goi O 1a trung diém cua BC, ta c6:

w

(o]

OB=OC=B—2C=§=2,5(cm)

Mit khac OA 1a trung tuyén ciia tam giac ABC vudng tai A
Taco OA=0B=0C=2,5(cm)
Nén ba diém A, B, C thudc duong tron tdm O 1a trung diém doan BC va ban kinh
R=2,5(cm).
Bai toan 5. Cho tam giac ABC déu c6 canh a, cac dudng cao BD va CE cat nhau tai H.
Chtng minh rang bén diém B, E, D, C cung thuéc mot duong tron. Hiy xac dinh tim va ban
kinh cta duong tron ay.
Huéng dan: Ching ta dua vé bai toan 1, & ddy co6 hai tam giac vudng ciing chung canh huyén
BC.
Loi giai

Goi O 1a trung diém cua BC.

Trang: 3.
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Céc tam giac vuong BDC va BEC c¢6 chung canh huyén
BC va OD, OE la céc trung tuyén

tuong ung
Taco OD = OE(: %BC)

:ODzOEzOBzOC:%a.

Vay boén diém B, E, D, C cung thudc duong tron tam O

1a trung diém ctia BC va ban kinh bing % )

Bai toan 6. Cho hinh chir nhat ABCD ¢6 AD =18cm va CD =12cm. Ching minh riang bon
diém A, B, C,D cing thuéc mot dudng tron. Tinh ban kinh cta dudng tron do.
Loi giai

Goi O 1a giao diém ctia hai dudng chéo AC va BD

Ta c¢6: OA = OB =OC = OD (Tinh chét hai dudng chéo cta hinh chit A B
nhat Vay bon diém
A, B, C,D cung thugc duong tron tam O ban kinh OA..

18
Xét tam giac vudng ADC vuodng tai D . o

Theo dinh ly Pythagore ta co:

AC? = AD? + CD* = 18> +122 D 12 ¢
— AC =18 +12? = 64/13(cm)
6313

Viy ban kinh ctia dudng tron (O) di qua bén diém A, B, C,D 1a —

Bai toan 7. Chimg minh ring cac trung diém ciia cac canh cua hinh thoi ciing nam trén mot dudng tron.
Loi giai
Goi E, G, H, I lan luot 14 trung diém cua bén canh AB, BC, CD, DA cua hinh thoi va O 1a
giao diém cua hai duong chéo AC va BD.

Ta c6 OE, OG, OH, OI lan luot 14 cac dudng trung tuyén cta cac tam giac vuéng AAOB,

ABOC, ACOD, ADOA //<]>\
E a
1 1 1 1
— OE =—AB, OG =—BC, OH=-CD, Ol =—AD A c
2 2 2 2

I H

Ma AB=BC=CD =AD (canh hinh thoi)
= 0OE=0G=0H=0I

Chtng t6 bén diém E,G,H,1 cung thudc dudng tron (O).

Bai toan 8. Cho hinh vuong ABCD . Trén canh AB lay diém M, trén canh AD 1iy N sao cho

Trang: 4.
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AM = AN . Ké AH vuéng goc voi DM (H e DM) va AH cit BC tai P. Ching minh rang
nam diém C, D, N, H, P cung thudc mot duong tron.
Loi giai
Tacé Ai=Di (cung phu voi M )
Do d6 AABP =ADAM (g.c.g) == BP=AM=PC=ND. p P c

Lai c6 PC//ND va BCD = 90°(gt)

, M
= PCDN la hinh chit nhat. Goi O 1a giao diém cua hai

duong chéo PD va CN taco O la H 0

tam duong tron di qua bon diém P, C, D, N.

Mit khac APHD vuéng (gt) co6 HO 1a trung tuyén . 2 1 b
A T

= HO=0P =0D hay H thudc duong tron tdm O.
Vay nam diém C, D, N, H, P cung thudc dudng tron (O).
Bai toan 9. Tt giac ABCD c¢6 hai duong chéo AC va BD vudng goc véoi nhau. Goi M, N,
R, S lan luot 1a trung diém cua cac canh AB, BC, CD va AD. Chung minh rﬁng: Bén
diém M, N, R, S cung thudc mdt duong tron.
Loi giai
Ta c6 MN la duong trung binh cia AABC

B
:MN//ACVéMN:% N

M

twong tu SR // AC va SR =% A [ C

Do d6 MNRS la hinh binh hanh
Mat khac BD L AC(gt) = MN 1L BD

S R

Ta con cd MS // NR // BD D

Do d6 MN L MS hay MNRS 1a hinh chit nhat

=4 diém M, N, R, S cung thudc duong tron tim O 13 giao diém cua hai duong chéo MR va
NS ban kinh %

Bai toan 10. Cho tam gidc ABC nhon. Chirng minh rang céc trung diém cua ba canh, cic trung

diém cua ba doan thang ndi ba dinh véi tryc tdm chan cta ba duong cao cua tam giac cung
thudc

mot dudng tron. (Pudng tron 9 diém hay duong tron Euler).
Loi giai

Goi I, K, L 1an luot 1a trung diém cua ba canh AB, BC, AC

Trang: 5.
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M, N,P lan luot 1a trung diém cua HA, HB, HC
Chan ba dudong cao ké tir A, B, C lanluotla D, E, F.

Ta c6 IL 1a duong trung binh cuia AABC A
=1L // BC va IL=B—2C M E
Tuong tu NP // BC va NP :% L
Do @6 ILPN la hinh binh hanh. P
Mait khac AD L BC (gt)
C

=IL 1L AD.

Taconco IN//LP// AD = IN LIL
hay ILPN la hinh chir nhat.

K

Ching minh twong tw KLMN cting 1a hinh chit nhat, hai hinh chit nhat nay c6 chung duong
chéo NL. Nén NL, PI, MK cét nhau tai mot diém O 1a trung diém cua NL.
T d6 ta c6 6 diém M, L, P, K, N, I cung nam trén dudng tron déng tam O. Lai c6 AMDK
vudng tai D ¢6 DO 14 trung tuyén = OD =OM = OK hay D thudc dudng tron duong kinh
MK . Chimg minh tuong ty ta c6 hai diém E, F ciing thudc duong tron O.

Bai toan 11. Cho dudng tron (O) duong thang d di qua O va diém A thudc (O) nhung khong
thudc d. Goi B 1a diém d6i xtmg véi A qua d; C va D lan luot 1 diém déi xting v6i A va
B qua O.
a) Ba diém B,C va D ¢o thudc (O) khong? Vi sao?
b) Chirng minh tr gidc ABCD 1a hinh chit nhat.

¢) Chtng minh rang C va D d6i xtg v6i nhau qua d .

Loi giai
A
d 1
H K
B C

Trang: 6.
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a) Xét tir giac ABCD c6 hai dudng chéo AC cit BD tai (0).

Tacod B 1a diém ddi xing véi A quadnén d L AB tai H va HA= HB.

Xét tam gidc AOB c6 dudong cao OH d6ng thai 1a duong trung tuyén (cmt) nén AAOB can tai
OH = OB =0A4.

Ae(0)= Be(0)
Piém C d6i xtng v6i 4 qua O = OC = OA, tuong tw OD = OB .
D6 d6 OD=0C=0B=04 ma A (0)= B,C,D e (0).

b) Xét ttr giac ABCD c6 AC cat BD tai O va OA= 0B =OC = OD nén ABCD 14 hinh binh
hanh (t& gidc c6 hai dudng chéo cit nhau tai trung diém mdi duong)

Lai c6 AC = BD nén tir giac ABCD 13 hinh chit nhat (hinh binh hanh c6 hai dudng chéo bang
nhau).

¢) T giac ABCD 12 hinh chit nhat (cmt) = CD //AB ma AB L d (tinh chat d6i xtimg qua
mot dudng thang) = CD L d .

Tam giac COD can tai O c6 OK 1a dudng cao nén dong thdi 1a trung truc = DK = KC .
_|dLCD , \ L, .
Ta co: chung t6 C doi xtmg véi D qua d .
DK =CK
Bai toan 12. Cho hinh vudng ABCD c6 E 1a giao diém cia hai duong chéo.
a) Chimg minh rang c6 mot duong tron di qua bon diém A4, B,C va D . Xac dinh tim dbi xtng
va chi ra hai truc ddi ximg cua dudng tron do.
b) Tinh ban kinh ctia dudng tron & cau a, biét rang hinh vudng c6 canh bang 3cm .

Loi giai

A B

a) E 1a giao diém cta hai duong chéo AC va BD cua hinh vudng ABCD .

Nén EA=EB=EC=ED. Chingté 4 diém A, B, C, D thudc duong tron tdm E.
Tam d6i xtmg 1a diém E.

Hai truc d6i xtimg 14 AC va BD.

b) Ta c6: AC L BD (tinh chat hai dudng chéo ciia hinh vuong)

Tam giac AEB vudng can tai E c6 canh huyén AB =3cm .

Trang: 7.
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bat EB=FEA=R.
Theo dinh li Pythagore ta c6: AB> = R* + R* = AB* = 2R’

2 2
:AB hayR2:3—:>R: 2=£
2 2 2

= R?

Vay ban kinh cua dudng tron ¢ cau a la % (cm).

Trang: 8.
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Bai 14. CUNG VA DAY CUA MQT PUONG TRON

PHAN A. KIEN THUC CAN NHO

1. Khai niém day va dwong kinh ciua dwong tron
- Poan thang ni hai diém tuy y ciia mot dudng tron goi la
mdt day (hay day cung) cua duong tron CD.
- Mbi day di qua tAm 1a mot dudng kinh ctia duong tron AB
* Quan h¢ gitra day va duong kinh
DPinh li: Trong mét duong tron, dudng kinh 1a day cung 16n
nhat.

2. G6c ¢ tam, cung va so do ciia mgt cung
- Khai ni¢m gbc ¢ tdm va cung tron
Cho hai diém 4 va B cung thudc mot duong tron. Hai diém
ay chia duong tron thanh hai phan, mdi phan goi 1a mot cung
tron (hay cung). Hai diém 4 va B la hai mut (hay dau mut)
ctia mdi cung do.
Goéc ¢ tam 1a gdc co dinh trung voi tdm cua dudng tron.

Ki hiéu AmB va AnB goc & tim AOB.

Ch y:

- Khi goc AOB khéng bet thi cung nim trong goc AOB goi 1a cung nhd AmB . Ki hiéu 4B.

- Cung con lai, AnB goi la cung 16n.

- Khi géc AOB bet thi mdi cung AB dugc goi la mot nira duong tron.

- Ta con néi goc AOB chan cung AB hay cung AB bi chin boi goc AO0B.

- Cach xac dinh sb do cia mot cung
S6 do ciia mot cung duoc xac dijnh nhu sau:
- S6 do ctia nira duong tron bang 180°.

- SO do ctia cung nhé bang s6 do ctia goc ¢ tdm chan cung do.

- SO do cuia cung 16n bang hiéu gitta 360 va so do cua cung nhé c6 chung hai mut.

- So do cua cung 4B duogc ki hi¢u sd 4B (hinh v€ trén).

sd AmB = AOB = o, sd AnB = 360" — «x
Chu y:

- Cung c6 so do n con goi la cung n , cd duong tron dugc coi la cung 360 .

- Mot diém coi 13 cung 0°.

- Hai cung trén mét duong tron goi la bang nhau néu chiing c6 cung so do.

PHAN B. PHAN LOAI CAC BAI TAP

Trang: 1.
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1. Cac bai toan vé chirng minh

Bai toan 1. Cho nira duong tron duong kinh AB va mot diém M tuy ¥ thudc nira dudng tron d6. Chimg

minh rang khoang cach tir M dén 4B khong 16n hon % .

a+b

Hwéng din: Ap dung bat ding thirc Cauchy véi a,b >0, ta c6 vJab <
Loi giai

Goi khoang cach tir M dén 4B 1a MH va ban
kinh duong tron (O) 1a R. Ta co

OM =0A4=0B(=R).

b6 d6 AAMB vuodng tai M .

Tacé AMHA © ABHM (g-g)= 24 _ BIL

A [

HA HM
— MH =HA-HB < HA;HB < AZB

= MH* = HA- HB (dpcm).

Bai toan 2. Cho tam giac nhon 4BC . Pudng tron tim O dudng kinh BC cit cac canh AB va AC lan

luot tai M va N . Ching minh MN < BC.

Loi giai
D@ thy cac tam giac BMC va BNC déu la cac A
tam giac vuong lan luot tai M va N va OM,ON
1an luot 14 cac trung tuyén. N
Tacd6 OM =ON =0B =0C(=R,trongdé R la
ban kinh duong tron duong kinh BC )
Xét tam giac MON , ta c6 MN < OM +ON (bat
dang thirc tam giac)

MaOM +ON = OB+ OC = BC o
Vay MN < BC.

Ta c6 thé két luan theo bai hoc: “Trong mot dudng tron day 16n nhat 1a duong kinh”.

Bai toan 3. Cho duong tron (O) duong kinh AB, day CD khong cat duong kinh 4B . Goi H va K
theo thi tr 12 chan cac dudng vudng goc ké tir 4 va B dén CD. Chiing minh rang CH = DK

Loi giai

Trang: 2.
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Ké OI 1L CD, tam giac COD céan tai O nén duong K

cao OI duong thoi duong trung tuyén = IC =ID . D

Lai c6 AHKB la hinh thang vudng.

(AH//BK(L HK)) mi OI 13 duomg trung binhnén <

I 14 trung diém cia HK tacé IH = IK

= HI - CI = KI - ID hay CH = DK y B

Nhan xét: Do HI = KI va IC=1ID néntaco HI +ID =IK + IC hay HD = KC . Ta c6 bai
toan sau:
Cho duong tron (O) duong kinh 4B, day CD khong cat duong kinh AB . Goi H,K theo thu
tu 1a chan cac duong vudng goc ha tir 4,B dén CD. Chimg minh rang HD = CK (Hoc sinh tu
giai).
Truong hop day CD cit duong kinh AB dua ta dén bai toan 4 sau déy.
Bai toan 4. Cho duong tron (0) duong kinh 4B, day CD cit duong kinh 4B tai E. Goi H,K theo thi
tur 1a chan cac duong vudng goc ké tir 4 va B dén CD. Chiing minh rang CH = DK .
Loi giai
Ké OI L CD tacod IC =ID (tam giac COD can tai D
O nén duong cao dong thoi 1a dudong trung tuyen)
Ol//KB
Goi M 1 giao diém ciia OI va 4K taco M latrung
diém cua 4K .
Xét AAKH c6 M 1a trung diém cua AK
MI //AH (vicung L CD)
= [ la trung diém cua HK hay IH = IK (2)
Tu(1)va(2) = IC—-1IH =ID—-IK hay CH = DK

Nhan xét: Theo bai toan 1. Trén day CD ta ldy thém diém M .

Khi d6 OI <OM . Ma OM = AH%'BK (tinh chat dudng trung binh cta hinh thang)

= AH + BK <20M . Chung ta s€ c6 bai toan sau:

Bai toan 5. Cho duong tron (O; R) duong kinh AB . M 1a diém ¢ dinh nam trong dudng tron ( M khac
O ) va CD la day cung quay quanh M . Goi H, K lan luot 13 hinh chiéu caa 4 va B 1én CD.
Xac dinh vi tri cua ddy CD dé AH + BK 16n nhat.
Hwéng din: Ké O L CD.

Loi giai

Trang: 3.
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Taco AH, BK cung vudng goc véi CD K
— T gidc ABKH 1a hinh thang va c6 OI D
la dudng trung binh

_ AH + BK

ol — AH + BK =201 H

Tacd OI <OM (duong vudng goc ngan
hon duong xién) A B
Dau " =" xay ra khi OM 1 CD

Bai toan 6. Cho duong tron (O). Cac diy AB va CD bang nhau, cac tia BA va DC cit nhau tai diém M
nam bén ngoai duong tron. Goi H, K lan luot 1a trung diém ciia AB va CD. Chimg minh rang
MA=MC.

Loi giai

D

Tacd AB=CD (gt) = OH = OK (lién hé giira day va khoang cach dén tam)
Xét tam giac vuong MHO theo dinh 1i Pythagore: MH* = MO* — OH’
Tuong tu voi AMKO , ta c6 MK* =MO* —OK*> ma OH = OK = MH = MK (1)

Lai c6 OH L 4B (gt) :HA:HB:%

Tuong tu KC:KD:% ma AB=CD

= HA=CK (2)

Tu (1) va (2) > MH — HA= MK —CK

hay MA=MC

Nhén xét: Truong hop hai ddy 4B, CD khong bang nhau, chang han AB > CD ta c6 bai toan

sau:

Trang: 4.
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Bai toan 7. Cho duong tron (O) hai diy 4B va CD sao cho 4B > CD. Cactia BA va DC cat nhau tai
M nim bén ngoai dudng tron. Goi H,K theo thir tu 13 trung diém cua AB va CD. Hay so
sanh MH va MK.

Huéng din: Ta c6 MH®> = MO* —OH* va MK*> = MO*> —OK* ma OH < OK (vi AB > CD
) = MH > MK

Nhén xét: Truong hop diém M nam bén trong duong tron ta co bai toan twong tu.

Bai toan 8. Cho M 13 diém nam bén trong dudng tron (0), v& qua M , hhii: ddy AB va CD sao cho
AB > CD . Goi H,K theo tht ty 1a trung diém ctia 4B va CD. Ching minh rang: MH > MK

Loi giai
Né6i M véi O.
Xét tam giac vuong OHM c¢o6:
MH* =0OM* - OH?
Tuong ty voi tam giac vuong OKM co
MK* =0M* - OK’
Ma AB > CD(gt) = OH < OK = MH > MK

Bai toan 9. Tir diém P niam bén ngoai duong tron ( O;R ) va OP = 2R . Mot duong thang qua P cét
duong tron (O) tai A va B ( A nam giita B va P )va AB=R.Goi H 1a chian dudng
vuong goc ké tir O dén BP. Qua P ké mot dudng thang khac cit duong tron (O) tai C va D

RS3

(C, D khac phia v6i 4B sovéi OP ). Ké OK 1L CD. So sanh AB va CD biét OK < -

Loi giai

Taco OH L BP. Tam gidc AOB can tai O nén dudng cao OH ddng thoi 1a

duong tuyén H 14 trung diém ciia AB: B
HA=HB="2 - R A
2 2

Xét tam giac vuong AHO ta co:
2 P ) D
OH =+/OA’ - AH? = RZ—(%j :RT‘/§ CW

R3

Ma OK<T(gt):>OK<OH:>AB<CD.

Trang: 5.
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Bai toan 10. Cho diém A cb dinh ¢ bén trong dudng tron (O;R) va A khong trung véi O. BC la day
cung quay quanh A . Xac dinh vi tri cia day cung BC lic ddy cung BC ngin nht.
Loi giai
Ké OH L BC(H thugc BC ).
Ta co OH < OA (khong ddi)
BC ngan nhat <> OH 16n nhit < OH=0A < H=A.

Vay: Khi BC vudng goc véi OA tai A thi do dai day BC B W ¢

ngan nhat.
I1. Tinh toan

Bai toan 11. Cho duong tron (0;5 cm) 1a mot day bat ki ctia dudng tron d6. Biét 4B =6 cm.
a) Tinh khoang cach tir O dén duong thang AB.
b) Tinhtan ¢ néu goc ¢ tAm chin cung 4B bang 2¢ .
Loi giai
a) Goi khoang cach tir O dén duong thang AB 1a OH
Tam giac AOB can tai Onén dudong cao OH
cling dong thoi 1a duong trung tuyén hay

AH=BH=2B_0_ 3(em).
2 2

Xét tam giac AHO vuong tai H , theo dinh 1i Pythagore, ta co:

OA’=AH* +OH* = OH? =0OA* - AH* =5 -3*
OH =+/5" -3’ =4( cm)

—— —— AOB 2
b) Khi AOB =2 = AOH = BOH = % = Ta = (vitam giac AOB can tai O nén duong

cao OH ddng thoi 1a duong phén giac).

. . AH 3
Xét tam giac AHO vuodng tai H, ta c6: tanag =——=—

.
Bai toan 12. Tam O cua mot duong tron (cach day AB cua né mot khoang 3 cm. Tinh ban kinh cua

duong tron (0), biét rang cung nhé AB ¢6 s6 do bang 100° (1am tron két qua dén hang phan
muoi).

Loi giai
Ta biét rang s6 do cung nho chinh 1a s do
cua goc ¢ tam hay AOB=100".
Tam giac AOB cén tai O c6 OH la duong cao

ddng thoi cling 1a duong phan giac.

Trang: 6.
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AOT = @-% %:wa

Tam giac AOH vuong tai H c6 canh géc vuong OH =3 cm , gbéc nhon AOH =50° (cmt).

Theo dinh i vé hé thirc lugng trong tam gic vudng, ta co:
OH
cos50

OH = OAcosAOH = OA = -~4,7.

Vay ban kinh ctia duong tron (O) 14 4,7 (cm).

Bai toan 13. Cho duodng tron (O; R) va mot day cung 4B . Goi I 1a trung diém ctia AB. Tia OI cit cung
AB tai M.
a) Cho R=5cm, 4B =6 cm. Tinh d6 dai day cung MA.

b) Cho MN la duong kinh cta dudng tron (0; R) biét AN =10 cm va ddy 4B =12 cm . Tinh

ban kinh R . N
Loi giai
a) Ta c6 I 1a trung diém cua day AB (gt) 0
:>IA=IB=%=§=3 (cm) (dinh ly
1
duong kinh va day cung) A B
M

Trong tam giac vudng AIO ta co:

OI =\JAO? - AP* =/5* 3> =4( cm) ( dinh Iy Pythagore)
= IM =OM-0I=5-4=1(cm)

Xét tam gidc vuong AIM lai co:
AM =VAL +IM2 =~/9% +1' = \/ﬁ( cm) (dinh ly Pythagore)

b) Chirng minh nhu trén ta co:

IA:IB:£:£=6(cm)
2 2

Xét tam gidc vuong AIN ta co: NI =~/ AN’ — AI> =107 -6 =8(cm)

A 1
K¢ OK 1 AN taco KA:KN:Tsz():S(cm)
Va céac tam giac vudng AIN va OKN dong dang (g.g)

_, NO NO _ NK — NO = NA.NK _ 10.5 — 6,25(cm)
NA NI NI 8

Vay R =6,25(cm)

Trang: 7.
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Bai toan 14: Cho duong tron (O) duong kinh AB =2R . Mot day CD khong di qua tim O sao cho
COD =90° va CD cht duong thang AB tai E ( D nam giita hai diém E va C), biét OE =2R.
Tinh d6 dai EC va ED theo R
Hwéng din: Ban hiy v& hinh theo thir ty sau:
Dung (O:R)
V¢ hai ban kinh OC L OD
Néi CD kéo dai
Dung (O;2R)
Lay E la giao diém cta (O;2R) va dudng thing CD
Loi giai

Ta c6 COD = 90" (gt) nén ACOD vudng can tai O

ta co:
CD=~OC> +0D* =+2R* = R\2 C D
Ké OH 1 CD, tam gidc COD can tai O A B

nén dudng cao OH dong thoi 1a duong
trung tuyén hay HC = HD

:>HC:HD:OH=C—2D:RT\/5

Xét tam gidc vudng OHE, ta co:

EH =~JOE* —OH” ( dinh ly Pythagore)

EH = \/(213)2 _LR\Z/E]Z _RJ14

2

ED=EH-HD _£—¥
_RVE-RZ_ R

B 2 B 2

EC=EH+HC = R‘/ﬁ;Rﬁ _ R\E(;ﬁﬂ)

Bai toan 15. Cho duong tron (0;10 cm) diay AB=16 cm .
a) Tinh khoang cach tir tim O dén day AB.

b) Lay K thudc ddy AB sao cho AK =14 cm. V& day PQ vudng goc v6i AB tai K. Ching
to AB=PQ.

Trang: 8.
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Loi giai
AB 16
a) K¢ OH L AB, ta co: HA:HB:Tz?:S( cm)
Xét tam giac vudng AOH , ta c6 P

OH =+JOA> —AH? (dinh Iy Pythagore)
~V10°=8" =6( cm). o I

b) Ta co: KB=AB—-AK =16—14=2( cm) Aw/l}
Do HK =HB-KB=8-2=6( cm) 0
Ké OI L PQ, khi d6 tr giac OHKI 1a hinh chit nhat ¢6 hai canh ké

OH =KH :6( cm) nén la hinh vudng.

Do d6: OH=0I=6( cm).

Tam gidc OHB vuong tai H . Theo dinh li Pythagore, ta co:
OB’ =OH’ + HB’* = HB’ = OB’ ~OH’ = HB =+ OB’ - OH".

Tuong tu v6i tam gidc OIP, ta c6: IP =+/OP*> —OI’
Ma OB =O0P(=R) va OH=0I(cmt)= HB=1P

Tam giac AOB céin tai O c6 OH la dudng cao nén dong thoi 1a duong trung tuyén hay H 1a
trung diém ctia AB, twong tu I 1a trung diém ciia PO ma HB =IP (cmt) = AB=PQ (dpcm).

Bai toan 16. Cho duong tron (O) hai ddy AB va CD song song voi nhau biét AB=3 cm,CD =4 cm .
Khoang cach gitra hai day 1a 3,5 cm . Tinh bén kinh duong tron (O).
Loi giai

Ké OH L AB tam gidc AOB can tai O nén duong cao OH ddong thoi 1 duong trung tuyén

hay HA =HB="2 =2 _15( cm). A~ H \B
2 2
3,5 h'e

Mait khac vi AB//CD nén OH L CD tai K

ta cling co

KC:KD=C7D=§=2(cm) CWD

Khi d6 céc tam giac AHO va CKO vuong. Theo dinh 1i Pythagore:
AH® +OH* = 0A* (=R?)

— AH?+O0H’ =CK2+OK2(*)
CK?+O0K? =0C? (: RZ)

Dt OK = x = OH =3,5—x(**)

Trang: 9.
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Thay (**) vao (*) ta co

1,5 +(3,5-x)" =2 +x°
& 22543, —Tx+x*=4+x"
= —7x=-10,5
= x=1,5( cm).

Xét tam gidc vuéng CKO ta c6: CO* = OK* +CK”* (dinh li Pythagore)
R* =1,5+2"=6,25
=R =2,5( cm).

Bai toan 17. Goi I 1a trung diém cua diy cung AB khong qua tim cua duong tron ( O;R ). Qua I vé
day cung CD.

a) Chimg to CD > AB . Tim d¢ dai nhé nhét, 16n nhét ciia cac ddy quay quanh I.
b) Cho R =5 ¢cm,OI = 4 cm. Tinh d¢ dai day cung ngan nhat qua 1.

¢) Chimng to rang: OAI > ODI.
Loi giai

a) Ké OK L CD, ta c¢6 tam giac OKI vudng tai K = OI > OK (canh huyén 16n hon canh goc
vuong).

c6 I1a trung diém cia AB (gt).

Tam gidc AOB can tai O(OA =0B= R) nén dudng trung tuyén OI dong thoi 1a dudng cao

hay OI L AB.

Xét tam giac vuong AlO, theo dinh li Pythagore: Al =+ OA* —OI” .

Tuong ty v6i tam gidc vudong OKD : KD =+/OD* —OK”

Ma OI > OK (cmt) = KD > A, ma K 14 trung diém cta CD va I la trung diém ctia

AB=CD > AB.

Dau" = "xay rakhi CD = AB.

Do d6 d6 dai nho nhét cia CD bang AB hay CD trung v6i AB. Hién nhién dudng kinh qua
I 1a day 16n nhat.

b) Ta c6 AOIA vudng tai I:
Al=yOA? -OP’ =+/5* ~4* =3( cm)

Do d6 ddy cung AB=6( cm).

— OI OI . =— OK OK
= ,SIn

Ma OI>OK:>Q>%
R R

hay sinOAI > sinODI = OAI > ODI .

Trang: 10.
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I1L. Toan thuec té

Bai toan 18. Trén mat mot chiéc dong ho c6 cac vach chia nhu hinh vé. I

Hoi ctr sau mdi khoang thoi gian 36 phut: .
a) Pau kim phut vach nén mot cung cd | \/ \
s6 do bang bao nhiéu d6?
b) Pau kim gid vach nén mét cung
¢6 s do bang bao nhiéu d6?

Loi giai
a) Kim phtt vach nén mét cung sau 36 phut la:

6°.36=216".

b) Kim gio quay chim hon kim phut 13 12 1an, ta c6:
216" :12 =18

Bai toan 19. Trong mot tro choi, hai ban
Thuy va Tién cung chay trén mot duong A - B |
Thuy Tién

tron tdm O c6 ban kinh 20 m (hinh v§).
C6 thoi diém nao ddy AB ndi vi tri ctia
hai ban d6 c6 d6 dai bang 41 m hay khong? Vi sao?

Loi giai
Khong co thoi diém nao day AB nbi vi tri ciia hai ban d6 c6 d6 dai bang41 m: vi do dai day
AB khoéng vugt qua do dai duong kinh: 2.20 =40 (m ) cta duong tron.
Do d6 AB<40.

Bai toan 20. C6 thé xem gudng nudc (con goi 1a con nude) 1a mot cong cu hay ¢d may cé dang hinh tron,
quay duogc nho strc nude chay (hinh a). Gudng nude thuong thiy & cic ving mién nuai. Nhiéu
guéng nudc dugc lam bﬁng tre, dung dé dua nudc 1én rudng cao, gia gao hodc lam mat s6 viéc
khac.

Gia sir ngan nudc ngan cach giita phan trén va phan dudi ciia mot gudng nude duge biéu thi
boi cung tng v&i mot cdy dai 4 m va diém ngap sau nhat 1a 0,5 m (hinh b, diém ngap sau
nhét 1a diém C,tac6 AB=4m va HC =0,5 m. Dya vao d6, em hay tinh ban kinh cua guéng

nudc.

Trang: 11.
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a) b)

Loi giai
Goi ban kinh cta duong tron (O) 1a R, ta co:

OA=0B=0C=R va 0H=OC—HC=R—0,5=R—%

Tam gidc AOB can tai O nén duong cao OH ddng thoi la dudng trung tuyén hay H 1a trung
diém ctua 4B, ta co:

HA=HB=£=£=2(cm)
2 2

Xét tam gidc AHO vudng tai H . Theo dinh 1i Pythagore, ta c6:

2
OA> =OH’ + AH” hay R®> = (R—%j +27

=S R=r-21p:sliy
274
o R=%+4<:>R=177=4,25(m).

Viy ban kinh ctia gudng nudce 1a 4,25 (m).

Trang: 12.
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Bai 15. PQ DAI CUA CUNG TRON.

DIEN TiCH HINH QUAT TRON VA HINH VANH KHUYEN
PHAN A. KIEN THUC CAN NHO
1. P§ dai ciia cung tron

Cong thirc tinh do dai cta cung tron (O;R)

C=nrnd=2nR

(d la duong kinh ctua duong tron, C 1a d6 dai cua duong tron)
D¢ dai / cua cung n° trén duong tron (O;R) 1a [ = % n.R.
2. Hinh quat tron va hinh vanh khuyén

Dinh nghia

1)Hinh quat tron 13 phan hinh tron giéi han boi mot cung tron va hai ban kinh di qua hai dau mit cta
cung d6 (Hinh a).

Hinh a Hinh b

2)Hinh vanh khuyén (con goi 1 hinh vanh khan) 13 phan ndm giita hai duong tron c6 ciing tim va ban
kinh khac nhau (con goi 14 hai dudng tron dong tdm) (Hinh b).

Dién tich cta hinh quat tron va hinh vanh khuyén
S = N nR* = B
360 2
(S, : dién tich hinh quat tron; R : ban kinh g v6i cung n° )

S, =7z(R2 —rz)vc'yi R>r

( S, dién tich hinh vanh khuyén; R, 7 : ban kinh cua hai dudng tron dong tam).
PHAN B. PHAN LOAI CAC BAI TAP
I. Tinh d¢ dai cac cung tron. Dién tich cac hinh

Bai toan 1. Cho 4 va B la hai diém trén duong tron (0;0,8) sao cho AOI =100°. Tinh sb do va do dai

cac cung co haimut 4, B .

Loi giai

Trang: 1.
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A, B 13 hai diém trén (O) nén s€ co hai cung.

Cung nhé AB bi chin béi goc ¢ tim AOB
sdAB = A0B =100°.

Do d6 d6 dai cia cung nhd 4B la:
_100 g 40

l=— 1
180 9

7 (cm)
Cung 16n AnB c6 s6 do:

sd AnB =360°~100° = 260°
Do d6 d6 dai cia cung lon la:
260 o104

l=—- 71
180

7 (cm).

Bai toan 2. Tinh d¢ dai cung 90° cua duong tron (O;6 cm).
Loi giai
Taco: n=90° va R=4 cm. Do d6 d¢ dai cung:
90

l=@-ﬂ-6=37r(cm).

Bai toan 3. Tinh dién tich hinh quat tron c6 ban kinh 4 cm, Gng v6i cung 36°.
Loi giai
Taco: n=90° va R=6 cm. Do d6 dg dai cung:

_36 .

Si=3eg ¥ =1,67(cm’).

Bai toan 4. (Xem hinh v@)
a) Tinh dién tich hinh quat tron tam O cung nho AB .

b) Tinh dién tich hinh gioi han boi ddy AB va cung nhd 4B (goi la hinh vién phén tam O
cung nhd AB). Lam tron két qua dén hang phan mudi centimét vudng).

Trang: 2.
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B
.
o 12 cm
Loi giai

a) Ta co: AOB =90° nén sd AB = AOB =90°. Do do: S, =%-ﬂ'~122 =367z(cm2).

b) Tacd: S, =S, —S,op (Sv , la dién tich hinh vién phan; S,,; 1a dién tich tam giac AOB ).
S =10A-OB=1-12-12=72(cm2)
AOB 2 2

Viy S, =36m—72~41,0( cm®).
Bai toan 5. Phan hinh tron dugc gidi han boi mot cung va diy cing cung d6 goi 13 hinh vién phan. Tinh
dién tich hinh vién phan AmB, biét goc & tim AOB = 60° va ban kinh duong tron 1a 5,1 cm

(hinh v&) (két qua 1am tron dén hang phan trim ctia cm?).

Loi giai
Goi S, 1a dién tich hinh vién phan, S_ 1a di¢n tich hinh quat va S,,; 1a di¢n tich tam gidc
AOB.

o 00 2 2
Ta cé: S, —%'ﬂ'-(S,l) ~13,62( cm’).
Xét aAOB céntai O(O4=0B=R) cb AOB =60° nén tam gidc AOB déu.

RS ('3

4 4

Do d6 S, = ~11,26( cm’)

Trang: 3.
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Do d6 S, =S, =S, =13,62-11,26 ~2,63( cm’).
IL. Pon thirc dong dang

Bai toan 6. Tinh dién tich hinh vanh khuyén nam giira hai dudng tron déng tim c6 ban kinh 13 6 cm va
4 cm.

Loi giai
Goi S, la dién tich hinh vanh khuyén can tinh.
Taco: S, =7.(6" =47 ) =207 (cm’).
Bai toan 7. Cho duong tron (0;4 cm) vabadiém 4,B,C trén duong tron d6 sao cho tam giac ABC can
tai dinh 4 va s6 do cung nhd BC biang 70°.
a) Giai thich tai sao hai cung nhd 4B va AC bang nhau.

b) Tinh d6 dai ctia cac cung BC, AB va AC (lam tron két qua dén hang phan mudi).

A

Loi giai
a) N6i O voi A . Xét tam gidc AOB va tam giac AOC c6:

OA: canh chung, AB=AC (gt),
OB = OC(= 4 cm)

Do @6 AAON =2 AOC (c.c.c)
= AOB = AOC = sd AB = sd AC

b) Goi d¢ dai cua cung BC 1a [, ta co:

A =£-7r-4:ﬂ7rz4,9( cm).
180 9
Ta co: sd @=sd@=m%=l45°.

Goi 1,1, lan luot 1a d6 dai ciia cung 4B va AC, ta co:

=£.7Z’~4=§7Z' le,l( cm).
180 9

2213

Trang: 4.
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Bai toan 8. Cho tam giac déu ABC co6 AB = 23 em. Nira duong tron duong kinh BC cit hai canh AB
va AC lanluottai D va E (khdc B va C) (hinh v&).
a) Chung t6 rang ba cung nhé BD, DE va EC bang nhau. Tinh s6 do mdi cung y.

b) Tinh dién tich cia hinh vién phan gi¢i han boi ddy BD va cung nhd BD.

A

B 0 C
Loi giai
a) Tam gidc ABC déu (gt) = A=B=C=60°.

Goi O la tam cua ntra duong tron duong kinh BC, ta ¢6 tam gidc BOD can tai O co

B= 60°(cmt) =aBOD la tam gidc déu = BOD = 60°.
Tuong tu voi tam gidc COE = COE =60° .

Do dé DOE =180°~( BOD + COE ) = 180°~ (60°+ 60°) = 60°.
Ta c6 BOD = DOE = COE = 60°

— sd BD =sdDE =sdEC = 60°.

b)Tacd S =S —Sy,,

Tam giac ABC déu = BC = AC = AB = 2\/5( cm)

= OB:0C:B—C:£: 3( cm)
2 2
60 1
q:%'ﬂ'(\/g)zzzﬂ'zl,57( sz)
V33 33
Ssop _{ Zt == (cmz)zl,30(cm2)

Vay S, =1,57-1,30~ 0,27( cmz).
IL. Toan thue té

Trang: 5.
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Bai toan 9. C6 hai chiéc banh pizza hinh tron (hinh v&). Chiéc banh thi nhét (hinh a) c6 duong kinh
16 cm duoc cét thanh 6 miéng déu nhau c6 dang hinh quat tron. Chiéc banh thi hai (hinh b) c6
duong kinh 18 cm cat thanh 8 miéng déu nhau c6 dang hinh quat tron. Hay so sanh dién tich bé
mit ctia hai miéng banh cat ra tir chiéc banh tht nhat va thu hai.

Hinh a Hinh b
Loi giai
Miéng banh duoc cét ra tir chiéc banh thir nhit (hinh a) c6 dang hinh quat tron ban kinh
R =16:2=8 cm tmg véi cung 360°:6 = 60° co dién tich bé mat la:
S, _ 0 g =27rz33,5( cm’)
360 3

Miéng banh duoc ct ra tir chiéc banh thir hai (hinh b) ¢6 dang hinh quat tron ban kinh
R, =18:2=9 cm ting v6i cung 360°:8 = 45° c6 dién tich bé mit la:

45 81

.9’ ——ﬂz31,8( sz)

S, =——7
360 8

Viy dién tich bé mit ctia miéng banh duoc cit ra tir chiéc banh thir nhat 16n hon dién tich bé
mat cua miéng banh duoc cit ra tir chiéc banh thir hai.

Bai toan 10. Mot hoa tiét trang tri c6 dang hinh tron ban kinh 4dm duoc chia thanh nhiéu hinh quat tron
(hinh v&), mdi hinh quat c6 goc & tam 1a 7,5°. Dién tich ciia mdi hinh quat d6 1a bao nhiéu
decimét vudng (1am tron két qua dén hang phn trim)?

Trang: 6.
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Loi gidi
Loi giai

M&i hinh quat duoc chia ra chin cung 7,5° va c¢6 ban kinh duong tron 1a 4 dm .

Do d6 dién tich ctia mdi hinh quat la: S, = ;éf) -4t = %n ~1,05 (dm2 )

Bai toan 11. Mot chiéc quat gidy khi xoé ra ¢6 dang nira hinh tron ban kinh 2,2 dm nhu hinh vé. Tinh
dién tich phan gidy cta chiéc quat, biét rang khi gip lai, phan gidy c6 chiéu dai khoang 1,6 dm

(lam tron két qua dén hang phan trim ctia dm? ?

Loi giai

Phan gidy ctia chiéc quat c6 dang hinh vanh khuyén.

Goi dién tich ciia phan gidy 1a S, , taco:

S, =—n(R*~r*) trong d6 r=R-1,6=2,2-1,6=0,6(dm)

v

S = n(2,22—0,62)z7,03(dm2).

v

N[ = N —

Bai toan 12. Trong hinh v& chiéc quat c6 dang mot hinh quat tron tim O cung AB, ban kinh
OA = OB =20 cm. Gidy dugc dan trong phan gii han boi cung 4B, cung CD, doan thang
AC va BD véi OC = 0D =10 cm . Biét khi mé rong tbi da, hai nan quat ngoai cting tao thanh
mot gbc AOB bang 140°. Tinh chu vi va dién tich manh gidy dé dan mot mat quat (dién tich

mép dan khong dang ké).

Trang: 7.
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Loi giai
Do dai cung 4B : || :ﬂ‘mZO:@n
180 9
D6 dai cung CD: I, :ﬂ-n-IO:Lon
180 9

Goi P 1a chu vi manh gidy, ta c6:
P=[+BD+I,+A4AC
:%n+10+§n+10:2o+(ﬂ+ﬂjn

:2O+73—01tz93 (cm)

Goi S, 14 dién tich méanh gidy, ta co:

Szﬂn(

20°~107) =30 < 366,5 (cm®)
3
Bai toan 13. Hinh v& bén mé ta mit cit cia mot khic gd c6 dang mot phan tu hinh vanh khuyén, trong d6
hinh vanh khuyén gidi han boi hai dudng tron cing tam va cé ban kinh lan luot 1a 4dm va
3dm . Dién tich mit cit d6 1a bao nhiéu decimét vudng (1am tron két qua dén hang phan mudi)?

Loi giai
Mit cat khiic gd ¢6 dang hinh vanh khuyén, goi S 14 dién tich mat cit. Ta co:
1 7
S =—n(4°-3*)==n~55(dm?).
v 4 ( ) 4 ( )

Bai toan 14. Mot may kéo nong nghiép c6 duong kinh banh xe sau la 124 m va duong kinh banh xe
trude 1a 80 cm. Hai khi banh xe sau lan dugc 20 vong thi banh xe trudc lan dugc bao nhiéu vong?

Trang: 8.
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Chu vi banh xe sau 1a 124n, khi banh xe sau lan dugc 20 vong, ta c6:
124 . 20 = 24807 (cm)

Chu vi banh xe trudce 1a 80w

Do d6 khi banh xe sau lan dugc 20 vong thi banh xe trude lan dugc:
24807 : 807 =31 (vong).

Bai toan 15. Ba bo phan truyén chuyén dong ciia mot chiée xe dap gdm mét gio dia (banh ring gin véi
ban dap), mot chiée lip (cling c6 dang banh ring gin voi banh xe va bd xich (hinh v&). Biét
rang gio dia c6 ban kinh 15 cm, lip ¢6 ban kinh 4 cm va banh xe c6 dudng kinh 65 cm . Hoi
khi nguoi di xe dap mot vong thi xe chay dugc quing dudng dai bao nhiéu mét (1am tron dén
hang phan chuc)?

Lip Gio dia
Loi giai
Chu vi banh xe 657, chu vi lip 8m, chu vi gio dia 30m.
Khi nguoi di xe dap dap mot vong gio dia thi lip quay dugc: 30m:8n = %5 (vong)
Do do xe chay dugc quang duong la:

6571?'1—529£1I
4

=765,76( cm)~7,7( m)

Khi nguoi di xe dap mot vong thi xe chay dugc quing dudng dai khoang 7,7( m).

Trang: 9.
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Bai 16. VI TRi TUONG POI CUA PUONG THANG VA PUONG TRON
PHAN A KIEN THUC CAN NHO
I. Ba vi tri twong doi

Goi OI =d 1akhoang cachtir O dén a.

o
0
R d d
a I a a
AN_1_“~ 1 1
d<R d<R d<R

a) d <R: (0) va a cé hai diém chung. Tanéi (O) va a cét nhau.

b) d=R: (0) va a chicé 1 diém chungla /. Tanéi (O) va a tiép xtc nhau tai /, [ 1a tiép diém, a
1a tiép tuyén.

c) d>R: (O) va a khong c6 diém chung. Tanéi (O) va a khong giao nhau.

I1. DAu hiéu nhén biét tiép tuyén ciia dwong tron

Pinh Iy 1: Néu mot dudng thang di qua mot diém nam trén mot dudng tron va vudng goc v6i ban kinh di
qua diém d6 thi dudng thang iy 1a mot tiép tuyén ctia dudng tron.
II1. Tinh chét ciia hai tiép tuyén cit nhau

Pinh 1y 2: Néu hai tiép tuyén ctia duong tron (O) cét nhau tai diém P thi:

-Piém P cach déu hai tiép diém.
- PO 1a tia phan giac cua goc tao boi hai tiép tuyén.

- OP 1a tia phan giac ciia goc tao boi hai ban kinh qua hai tiép diém.
PHAN B. PHAN LOAI CAC BAI TAP
I. Xac dinh vi tri twong ddi ciia dwong thing va dwong tron

Bai toan 1. Cho duong thing a va mot diém O cach @ mot khoang 7 cm . Hiy xac dinh vi tri twong dbi
cua a voi cac duong tron sau:

a) Puong tron (0;5 cm);

b) Buong tron (0;7 cm);

Trang: 1.
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¢) Buong tron (0;9 cm) .
Loi giai
a) Vi d >R (7>5) nén a va duong tron (O;5 cm) khong giao nhau.
b) Vi d=R =7 cm nén a va duong tron (0;7 cm) tiép xic.
¢) Vi d<R(7<9) nén a va dudng tron (O;9 cm) cét nhau tai hai diém.
Bai to4n 2. X4c dinh vi tri twong ddi ciia dudng thang a dén dudng tron (O;7 em) néu khoang céch tir
O dn a bang:
a) 4 cm;
b) 9 cm;
c) 7cm.
Loi giai
a) Vi d <R (4<7) nén a cit dudng tron (0;7 cm) tai hai diém.
b) Vi d >R (9>7) nén a va duong tron (O;7 cm) khong giao nhau.
¢)Vid=R=7cm nén a va duong tron (0;7 cm) tiép xuc.
Bai toan 3. Cho duong thang @ va mot diém O cach a mot khoang 4 cm . V& duong tron tim O ban
kinh 5 cm.
a) Giai thich vi sao a va (O) cét nhau.
b) Goi B va C la céc giao diém ctia duong thing a va duong tron (O;5 cm). Tinh d¢ dai day

BC.
Loi giai

AN

B~_H ~C

a) Goi OH la khodng céch tir O dén duong thang a, khi 46 OH < OB (4<5) hay d <R, nén
dudng thing a cat dudng tron (O;5 cm) tai 2 diém.

b) D& thdy tam gidc BOC cantai O (OB =0C = R) nén dudng cao OH dodng thoi la dudng
trung tuyén hay H 1a trung diém cua BC.

Xét tam giac BHO vuong tai H . Theo dinh li Pythagore, ta co:
OB*>=OH’+BH® = BH* =0OB*-OH’ =5" -4
= BH =+/5" -4’ =3(cm)

Trang: 2.
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Do d6 BC=2BH =2.3=6 (cm).

Bai toan 4. Trong hinh v&, mép ngoai cira ra vao c6 dang mot phan cuia dudng tron ban kinh 1,6 m . Hay
tinh chiéu cao HK cua cira d0, biét AH =0,9 m.

Loi giai

Xét tam gidc AHO vuodng tai H .

Theo dinh ly Pythagore, ta co:
OA®> =OH’ + AH?
= OH’ =04’ - AH’ =1,6° - 0,9’

= OH =41,6°-0,9° =1,3 (m)

Chiéu cao HK = HO+OK =1,3+1,6=2,9 (m).
II. Chitng minh dwong thing la tiép tuyén ciia duwong tron
Bai to4n 5. Tir diém A4 nim ngoai dudng tron (O;R) V& tiép tuyén 4B ( B la tiép diém). LAy mot diem

C trén duong tron sao cho AC = AB . Chimg minh rang AC 14 tiép tuyén cta dudng tron (O)

Loi giai

B

No6i 4 véi (0).
Xét AACO va AABO c6

OA canh chung, AC = AB (gt), OC = OB (= R)

Do d6 AACO = A4BO (c.c.c) = ACO = ABO = 90°

Chimg t6 AC L OC hay AC 1a tiép tuyén ciia dudng tron (O).

Trang: 3.
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Bai toan 6. Cho tam gidc ABC c¢6 AB=3;AC =4 va BC =5. Ching minh rang duong thang AC la
tiép tuyén cua duong tron (B;3).

Loi giai
B

3 5

4 4 €

Xét tam giac ABC, ta co:

BC* = AB*+ AC* (5" =3"+4%).

Theo dinh li Pythagore ddo, tam giac ABC vudng tai 4 hay 4B 1 AC (1)
Lai cé AB=3 néndiém A thudc duong tron (B; 3) (2)

Tur (1)va(2) = AC 1a tiép tuyén cua dudng tron (B; 3).

Bai toan 7. Cho duong tron (0) va diém I & ngoai dudng tron. Goi M 1a giao diém ciia duong tron tim
K dudng kinh JO va dudng tron (0) . Chimg minh dudng thang IM 1a tiép tuyén cta (O) tai
M.

Loi giai

I lA\
M la giao diém cua duong tron tim K dudng kinh JO va dudng tron (O) nén M thude

(K;%j,ta c6: KM = KI = KO hay KM =% (*).

Xét tam giac IMO c6 K 1a trung diém cta 1O nén KM 1a dudng trung tuyén va (*) nén tam
gidc IMO vuong tai M hay IM 1L OM (1)

Mit khac M <(0) (2)

Tur (1) va (2) = duong thang IM 1a tiép tuyén cua duong tron (O) tai M .

Trang: 4.
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Bai toan 8. Cho A 1a mot diém thudc dudng tron (0), M 1amot diém thudc tiép tuyén cia (0) tai 4 (
M khéc A4). Puong tron tim M ban kinh MA cat (O) tai B (B khiac A.Ching minh rang
MB 1a mot tiép tuyén cta (0).

Loi giai

Ta c6 MA 1a tiép tuyén ciia dudng tron (O) tai diém A4 nén MA L OA hay MAO =90°.
Puodng tron tAm M béan kinh MA cat (O) tai B nén MB=MA va Be (O)

Xét AMAO va AMBO c6:

OM chung,

OA=0B =r (r 1a ban kinh dudng tron (0))

MA =MB =R ( R 1a ban kinh duong tron (M))

Do d6 AMAO = AMBO(c.c.c) = MAO = MBO = 90°hay MB = OB

Ma = MBIa tiép tuyén ciia duong tron (O).
Bai todn 9. Cho duong tron (O) day BC khac duong kinh, qua O ké dudng thang vudng goc v6i BC cit
tiép tuyén tai B ctia duong tron & A Chimg minh rang AC la tiép tuyén ctia duong tron (O).

Loi giai B
Goi H 14 giao diém ctia OA va BC
ABOC can tai O c6 OH la duong cao (gt) A L N\o
nén dong thoi 1a dudng phan giac: (/)\1 = (/): "l
Xét AACO va AABO co: OB =0C =R, <

(/)\1 = (/)\2 (cmt), AO chung

—> AACO = AABO (c.g.c) = ACO = ABO = 90°
Chung t6 AC 14 tiép tuyén cua (O).

Trang: 5.
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Bai toan 10. Cho duong tron tim O, dudng kinh AB. K¢ tiép tuyén tai B v6i duong tron (O), trén tiép tuyén
lay P. Qua A ké duong thang song song vdi OP cit (O) tai Q. Chirng minh PQ 1a tiép tuyén cua

duong tron (O).
Loi giai
Ta co: AQ // OP (gt)
A\l = (/)\1(6 vi tri ddng vi)
Q =0, (6 vi tri so le trong)

P PSS Q
Ma A, = Q, (AAOQ can) =0, =0,

Xét APQO va APBO cé: OP chung, O, = O, (cmt), 0Q = OB

A
(=R) 9)
Vay APQO = APBO (c.g.c) = PQO = PBO = 90°

Hay PQ L OQ, chting t6 PQ 12 tiép tuyén cta (O).

Bai toan 11. Cho tam giac ABC cén tai A, duong cao AH va BK cét nhau tai I. Chirg minh rang HK 1a

tiép tuyén cua duong tron dudng kinh Al

Loi giai
Goi O 1a tam duodng tron dudng kinh AL Hién nhién K
thue (O) (vi AKI = 90°).

AABC cén tai A c6 AH la duong cao (gt) nén AH dong thoi
1a dudng trung tuyén =HB=HC.
Xét ABKC vudng tai K c¢6 KH 1a dudng trung tuyén nén

KH:BH:%

Do d6 ABHK cén tai H = B, = BKH (1)

Lai c6 AIOK can tai O (OI=OK=R)

=1, =OKIma = I, =1, (déi dinh)

= OKI=1, (2)

Mit khéc ABHI vuéng tai H (gt) nén B, +1I, = 90°(3)

Tir (1),(2) va (3) ta co6: BKH + OKI = 90°hay HK L OK

Vay HK 1a tiép tuyén ciia duong tron (O)

Bai toan 12. Cho dudng tron (O) di qua ba diém A,B va C clia mot tam giac can tai A. Ching minh ring

duong thing di qua A va song song véi BC 1a mot tiép tuyén cia (O).

Trang: 6.
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Loi gidi

Ta c6: AB = AC (gt)

OB = OC =R (R 1a ban kinh ctia duong tron (O)) nén OA thudc duong

trung truc cua doan BC
hay OA L BC tai H.
aquaAvaa/BC=al OAtai A

Chimg 6 a 14 tiép tuyén ctia dudng tron (O).

Bai toan 13. Trong hinh vé AB=9, BC =12,AC=15 va BC la duong kinh cua
duodng tron (O). Chimg minh AB 1a tiép tuyén cta dudng tron(O).

Loi giai

Ta co: BC* + AB> = AC*(12* +9° =15%)

Theo dinh ly Pythagore ddo, AABC vuong tai B hay AB 1 CB

ma BC 1a duong kinh ctia duong tron (O) (gt)

—AB 14 tiép tuyén ctia duong tron (O).

Bai toan 14. Cho duodng tron (O; R) c6 duong kinh AB. Vé day AC sao cho
AC=R. Goi I la trung diém ctia day AC. Puong thang OI cit tiép tuyén

AX tai M. Ching minh rang;

a) 1@ 6 s6 do béng 90°, tir do suy ra do dai ciia BC theo R;

b) OM Ia tia phan giac cua COA ;
¢) MC 1a tiép tuyén ctia duong tron (O; R).

Loi giai

a)Xét AAOC c6 OA = OC (=R)

nén AAOC cén tai O.

Lai c6 AC = R (gt) nén tam giac AOC déu
= AOC = 60°

— COB = 180° — 60° = 120° (k& bi)

Mat khac tam giac COB cling can tai O c6 goc 6
120°

:»(TB\C:(TCE:%:W)

AAOC déu (cmt) = ACO = 60°

— ACB = ACO +OCB = 60° +30° = 90°

Ta c6 ACB 1a nira tam giac déu c6 canh 2R

dinh

Trang: 7.
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= dudng cao BC:# =R\3

b) Vi AC =R (gt) nén tam giac AOC déu (cmt) c6 OI 1a dudng trung tuyén nén dong thoi 1a
duong phan giac cia goc COA hay OM la tia phan giac ctuia AOC.

¢) Xét AMCO va AMAO co:

OM canh chung, O, = O, (cmt), OC = OA (=R)

Do d6 AMCO = AMAO (c.g.c)

= MCO = MAO = 90° hay MC L OC
Ma C € (0) nén MC la tiép tuyén cua dudng tron (O; R).

Bai toan 15. Cho goc xOy voi dudng phan giac Ot va diém A trén canh Ox, diém B trén canh Oy sao cho

Bai toan 16. Cho SA va SB 12 hai tiép tuyén cit nhau cta duong

OA = OB. Puong thing qua A va vudng goc v6i Ox cit Ot tai P. Chimg minh ring OA va OB
1a hai tiép tuyén cat nhau ctia dudng tron (P; PA)

Loi giai
Xét AOBP va AOAP co:
OP canh chung, (/)\1 = 6\2(gt) , OB =0A (gt)
Do d6 AOBP = AOAP (c.g.c)
= PB = PA ,chung t6 B thudc duong tron tdm P.

Lai co 6}3\13 = @’ =90° (goc tuong trng)

— OB L PB, chimg to OB la tiép tuyén ciia duong " |
tron (P; PA). O B

Vay PA, PB 14 hai tiép tuyén cit nhau ctia duong tron (P; PA).

tron(O)(A va B 12 hai tiép diém)

Goi M 1a diém tuy y trén cung nho AB. Tiép tuyén cta (O) tai
M cit SA tai E va cat SB tai F.

a) Chtrng minh rang chu vi ctia tam giac SEF bang SA + SB.

b)Gia st M la giao diém ciia doan SO véi duong tron (O).
Ching minh rang SE =SF.

Loi giai
Goi P 1a chu vi cua tam gidc SEF.
Taco P=SE+EM +FM + SF

ma EA = EM (tinh chét tiép tuyén cét nhau)

Trang: 8.
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tuong tw FM = FB

= P=SE+EA+FB+SF

Ma SE + EA=SA vaFB + SF =SB

= P =SA + SB (dpcm)

Vay chu vi ctia tam giac SEF bang SA+SB.
b)(Xem hinh v¢).

Khi M 14 giao diém cua SO véi dudng tron (O), ta c6: EF L SO tai M.

Xét tam gidc ESF ¢6 SM 1a duong cao (vi M 14 tiép diém cua tiép tuyén tai M) dong thoi SM
hay SO 1a duong phan giac (tinh cht tiép tuyén cit nhau) nén tam giac SEF can tai S = SE =
SF(dpcm).

Bai toan 17. Cho diém A nam ngoai duong tron (O; R). V& dudng tron duong kinh AO cat dudng tron
(O; R) tai hai diém B va C.

a) Chtrng minh AB va AC 1 céc tiép tuyén ciia dudng tron (O; R).
b) Chirng minh AB=AC.
¢) Xac dinh tia phan giac cua BAC va BOC

Loi giai
a) Goi | }é tam cua duong tron duong kinh OA, taco11a
trung diém cua OA

Puong tron dudng kinh OA cit dudng tron (O; R) tai B va
Cnéntaco

IA:IB:IO:%

Xét tam gidc ABO c6 IB= % (cmt) nén tam giac ABO
vuong tai B hay AB L OB.

Chung minh tuong tu, ta c6 AC L OC ma B,C € (O)

Do d6 AB va AC 14 hai tiép tuyén ctia dudng tron (O; R).
b) Theo tinh chat hai tiép tuyén ctia mot dudng tron cit nhau tai mot diém, ta c6 AB=AC.
¢) Tia phan giac cua goc BAC va goc BOC 1a tia OA

Bai toan 18. Cho nira duong tron (O; R) dudng kinh AB. Ké cac tiép tuyén tai A va B véi nira duong
tron. Qua diém M thudc nira dudng tron (M khac A va B) ké tiép tuyén th ba cit céc tiép
tuyén tai A va B lan luot tai C va D.

Trang: 9.
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a)Chung minh rang: CD = CA + BD; COD = 90°

b)Chimg minh rang AB 1a tiép tuyén ctia duong tron duong CD. d,
kinh CD. D
Loi giai q, [
a) Ta c6 CA = CM; DB = DM M
(tinh chét cua hai tiép tuyén cat nhau) C
Ma CD=CM+DM=CD=CA+BD
AL L dg

Lai c6 CO va DO la cac tia phan giac cua goc ké bu AOM
va BOMnén COD = 90°

b) Goi I 1a trung diém ciia CD ta c6 OI la duong trung tuyén cua tam giac vuong COD nén IO
=IC =ID

hay I 1a tdm ctia dudng tron dudng kinh CD.

D@ thay ttr giac ABCD 14 hinh thang vudng c6 OI la dudng trung binh nén 10 / AC va BD ma
AC va BD cung vudng goc véoi AB (gt)

= 10 L AB.
Chumng t6 AB 14 tiép tuyén ctia duong tron duong kinh CD.

Bai toan 19. Cho dudng tron (O; R) duong kinh AB va cac duong thang m, n, p lan lugt tiép xtc véi
duong tron tai A, B, C (hinh v€). Chiing minh:

a) AD + BE = DE

b)(ﬁ:%éo\A va cTo\E:%cToTs

¢) Tam giac ODE vudng;
OD.OE
D

Loi giai —
a) Ta c6 cac duong thang m, n, p 1an luot 1a céac tiép tuyén tai
cac diém tai A, B,C véi duong tron(O;R). A N4

. . . 0

Ta c6 AD=CD (tinh chat hai tiép tuyén cat nhau)
Tuong tu BE = CE ma CD+ CE =DE = AD+BE =DE
(dpcm) m

Do DC va DA 14 hai tiép tuyén cét nhau tai D,

Ta c6: OD la tia phan giac cia goc COA hay COD = AOD = %CO/X

—_— —_— 1 —_—
Tuong tu OE Ia tia phan gidc cua goc COB nén COE = BOE = ECOB

e~~~

¢)Taco O, =0,;0, =0, (cmt)

Trang: 10.

im
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ma O, +0, +0,+0, =180°
=0, +0, =90°

Chung to6 AODE vuong tai O.
Bai toan 20. Cho duong tron (O) duong kinh AB. C 1a mot diém nam trén dudng tron (O), cac tiép tuyén
ctia dudng tron tai A va C cat nhau & D. Goi H 1a hinh chiéu ctia C trén AB va I 1a giao diém cua
BD va CH. Chirng minh rang CI = HI.
Loi giai

a) Ta c6: DA = DC (tinh chit hai tiép tuyén cat

nhau) C
OA=0C (=R)
A N , D
Nén DO 1a duong trung truc cia AC I
= DO 1 AC
Lai c6 CB L AC (AB la duong kinh) y : B

— DO//BC = AOD = ABC (dng vi)
Do d6 ADOA -~ ACHB (g.g)

40 _ 4D
HB HC

— AO.HC = AD.HB (1)

Lai c6 IH //AD (cung vudng goc vdi AB) theo hé qua ctia dinh 1i Thalés
% = % = AD.HB =[H.AB (2)

Tu (1) va (2) = AO.HC = IH.AB ma AB =240

= AO.HC=IH.2A0 = HC=2IH

Ching t6 I 1 trung diém ciia HC hay CI = HI.

Cach khac: E 4
C6 ACB=90° (AB la duong kinh) C
— ACE =90° hay ACD+DCE =90° (1) D
AACE vudng tai C = A4, +E =90° (2)

Lai c6 AADC can tai D (tinh chat tiép tuyén cit
nhau)

= 4 = ACD (3)

Tir (1), 2), 3) = E=DCE

Hay AEDC cantai D = DE = DC
Ma DC=DA = DE =DA
Laico AE//CH (L AB)

Trang: 11.
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Xét ADAB c6 IH//AD

IH BI
Theo hé qua ctua dinh li Thaleés — =—— (4)
AD BD

Tuong tu voi ABDE ¢6 CI//DE = %:% ma AD = DE (cmt) = [H =CI

Bai toan 21. Tir diém P nam ngoai dudng tron (O; R) v& hai tiép tuyén PA, PB (A, B 1a cac tiép diém).
Goi H 1a chan dudng vudng goc ké tir A dén duong kinh BC. Chimg minh rang PC cit AH tai
trung diém I cuia AH.

Loi gidi
Goi D 1a giao diém cua duong thang AC va C
BP. Ta c6 BAC =90° (BC la duong kinh)
— BAD =90° (k& bi)) ARY dy
= DAP+PAB =90° (1)
AABD vuédng tai A (cmt)

= DBA+ ADB =90° (2) D
Mit khac PA, PB 13 hai tiép tuyén cit nhau

tai P ciia dudng tron (O) nén PA = PB va PAB = PBA (3)

Tir (1), (2) va (3) suy ra : DAP = ADP

Do d6 AAPD cin tai P = PA = PD ma PA = PB (tinh chét tiép tuyén cit nhau) = PD = PB
Lai c6 DB//AH (L BC)

Xét APBCc6 1H //PB(L BC) = L — € dinh 1i Thales) (4)
PB PC

Tuong tw APDC c6 I4//PD (L BC) = % = IID—E (dinh 1i Thalés) (5)

IH Al
Tua @) va(s :—=——=IH=14 (viPB=PD
U (4) va (5) suy ra 8 DP (vi )

Bai toan 22. Cho duong tron tam I ndi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot la
D, E, F. Qua D ké duong thang song song véi BC cit EF tai N va AE tai M. Chtrng minh rang :
M 1a trung diém ctia DN.

Loi giai

Qua A ké duong thang song song voi BC cat duong thang EF tai H.

Trang: 12.
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Ta c6 AHF = FEC (1) (so le trong) 4 H /

Lai c¢6 CE = CF (tinh chét hai tiép tuyén cit nhau)
Nén AECF can tai C = FEC = CFE (2)

Ma EFC = AFH (3) (d6i dinh)

Tir (1), (2), (3) = AHF = AFH N
1
Hay AAHF cantai A =>AH=AF=AD
Xét AABE c6 DM // BE (gt)
B E
Theo h¢ qua cta dinh 1i Thales ta c6 M = AD =
E  AB
DM _ BE
AD AB

Ma AD = AH (cmt) va BE = BD (tinh chat hai tiép tuyén cit nhau)
DM BD EM
: — —

= = (4) (dinh li Thalgs)
AH AB AE
Mat khac xét AAEH c6 MN // AH (gt). Theo h¢ qua cua dinh 1i Thalgs ta c6 % = % (5)
Ta(@)va(s) = byM = MN = DM = MN hay M la trung diém ctia DN
AH AH

Bai todn 23. Cho gbc xOy = 60° . Dudng tron tim K ban kinh R tiép xtc véi Ox tai A va Oy tai B. Tir diém

M trén cung nho AB, v& tiép tuyén v&i duong tron, tiép tuyén nay cit Ox, Oy lan luot tai C va

D.
a) Tinh chu vi ACOD theo R. Chiing to chu vi d6 khong doi khi M chay trén cung nho AB.
b) Chung t6 s6 do C/'KTthéng d6i khi M chay trén cung nho AB.
Loi giai
a) Ta c6 OA, OB 14 hai tiép tuyén ciia (O) nén OA = OB va OK la phan gidc cia AOB

:@;ﬁ;%;@ _30°

Do d6 AOAK 1a nira tam giac déu c¢6 canh AK =R =>OK = 2R nén

Trang: 13.
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OA =O0B =+vOK’ - 4K’
=JQR) -R* =R\3

Lai c6 CD tiép xuc voi (K) tai M nén CM =
CA va DM = DB

Goi p la chu vi cia AOCD , ta c6
Pocp=0C+CM+MD + OD

=0C+CA+DB+0D

=2 OA =2 R+/3 (khong dbi)

b) Ta c6 CK 14 phan gidc ciia AKM

DK la phan giac cua BKM

Ma AKM + BKM = AKB =120° (vi O=60" va A=B=90")
= 61{7):%2153:%.120" = 60° (khong dbi)

Bai toan 24. Tir mot diém A ¢ bén ngoai duong tron (0), ké hai tiép tuyén AB va AC vé6i dudng tron. Tir
mot diém M trén cung tron trén cung nhé BC ké mot tiép tuyén thi ba cit hai tiép tuyén kia tai
P va Q. Ching minh riang khi M chuyén dong trén cung BC thi chu vi tam gidc APQ c6 gia tri
khong doi.

Loi giai
Ta c6 chu vi AAPQ bang AP + PQ + QA va
PQ = PM + MQ nén chu vi AAPQ bang AP +
PM +MQ + QA (1)
Mat khéc ta c6: PB=PM va QC = QM (2)
(tinh chét cua hai tiép tuyén cat nhau)
Ta(l)va(2)tacod:
AP+PM+MQ+QA=AP+PB+QC+ QA
=AB + AC

Viay chu vi A4PQ bang AB + AC khong doi.

Bai toan 25. Cho duong tron (I ; r) ndi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot la
D, E, F. Chting minh rang : 2AD = AB + AC — BC (*¥)

Trang: 14.
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Loi giai p
Ta c6 AD = AF (tinh chat hai tiép tuyén cat nhau)
Tuong ty BD = BE va CE = CF
Do do: F

AB + AC - BC = AD + BD + AF + CF — (BE + CE)
= AD +BE + AF + CE - BE - CE

=AD+ AF=2 AD 5 ‘
Bai toan 26. Cho tam gidc ABC vuong tai A Goi R, r lan luot 14 ban E
kinh dudng tron ngoai tiép, noi tiép tam giac ABC.

Chung minh ring AB + AC =2(R +1)
Loi giai
Dé thay AFID 1a hinh chir nhat (c6 3 goc vudng)
Lai c6 AD = AF nén AFID la hinh vuéng
= AD=AF=ID=r
Ta c6 BD = BE va CE = CF

—=AB+AC=AD+BD+ AF +CF
=AD+AF+BD+CF
=2r+2R

=2 (r+R)

Bai toan 27. Cho ntra dudng tron (O ; R) dudng kinh AB. Tir A va B vé hai tiép tuyén Ax va By. Mot diém
M di d6ng trén nira duong tron nay qua M vé tiép tuyén thir ba cit Ax va By lan luot tai C vaD.
Hay xac dinh vi tri cia diém M trén nira duong tron (O ; R) sao cho AC + BD nhd nhéat.

Loi giai
Ké AE // CD (E thudc By) y
D@ thdy tir gidc ACDE 1a hinh binh hanh

= AE = CD ma AC = MC (tinh chat 2 tiép tuyén
cit nhau)

Tuong tw BD =MD nén AC + BD=MC + MD =
CD M

Laic6 AE > AB
= AC + BD > AB (khong dbi)

Dau “=" xay ra < E tring v6i B

< CD//AB <& OM 1 AB.

Vay khi M 1a giao diém cua duong thang vudng goc
v&i AB thi AC + BD nho nhét.

Bai toan 28. Cho ntra dudng tron (O ; R) dudng kinh AB. Tir A va B vé hai tiép tuyén Ax va By. Mot diém
M di dong trén nira duong tron nay, qua M vé tiép tuyén thir ba cat Ax va By lan lugt tai C va

Trang: 15.
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D. Hay xéc dinh vi tri ctia diém M trén nira duong tron (O ; R) sao cho
3AC + BD nho nhit.
Loi giai
Ta c6 CM va CA 14 hai tiép tuyén nén O, = O,

~

Tuong tu 53 =0,

—~ —~ y

Ma O, +0,+0, +0, =180’

= 0,+0, =90 x
Hay tam gidc COD vudng tai O D
CD la tiép tuyén tai M nén CD L OM
Xét ACMO va AOMD cé:

CMO =DMO=90°, O, =CDO (cing
phu véi géc DCO) c
Nén ACMO -~ AOMD (g.g)

CM OM
= —=—
OM MD ! 4

= CM.DM = OM?* = R* (khong dbi)
Ma CM =AC,DM =BD = AC.BD =R’

. (e . AC+BD
Ap dung bat dang thuc Cauchy cho hai s6 duong ta co: % >~/3.AC.BD

& 34C+BD>23.A4CBD < 34AC+BD>2J3.R
Diu “=" xdy ra <> 34C=BD=+3.R < AOC=30" < AOM =60’

Vay M di dong & trén (O) sao cho AOM = 60° thi 3AC + BD nho nhit.

Bai toan 29. Cho ntra dudng tron (O;R) duong kinh AB. M 1a diém bét ki thudc nira duong tron, ké
MH vuéng goc v6i AB (H thudc AB). V& duong tron tim M ban kinh MH . Ké céc tiép
tuyén AC, BD vé&i dudng trontam M (C, D 1a cac tiép diém).

a) Chimg minh ba diém C, M, D thiang hang va CD 1a tiép tuyén ciia (O).
b) Chirng minh ring khi M di chuyén trén nira dudng tron (O) thi AC +BD khong doi.

Loi giai

Trang: 16.
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a) Tacod AC, AH latiép tuyén cua duong tron (M;MH ) nén AM 1a phan gidc cua goc
CMH hay CMA = AMH

Ching minh tuong tu co6 HMB = BMD Ma AMH + HMB = AMB =90° (AB 1a duong kinh)
— CMA + AMH + HMB + BMD =180° Hay ba diém C, M , D thing hang

= CA//BD(L CD) hay tir gidc ABDC 1a hinh thang vudng c6 OM 13 dudng trung binh nén
OM //AC va BD = OM L CD . Chimg t6 CD la tiép tuyén cua (O).

b) Tacdé AC = AH, BD = BH (tinh chat tiép tuyén cit nhau)
= AC+BD = AH + BH = AB = 2R khong d0i.

Bai toan 30. Cho duong tron (O;R) mot duong thang d cét dudng tron (0) tai hai diém D va E. Mot
diém A di dong trén duong thang d va A nam ngoai duong tron (O), ké hai tiép tuyén AB,
AC dn duong tron (B, C 1a hai tiép diém). Goi  1a trung diém cta DE , dudng thang Of
cit duong thing BC tai N . Chimg minh rdng: Khi 4 di dong trén duong thang d thi BC luén

di qua mot diém cb dinh.

Loi gidi

N

I 1a trung diém ciia DE(gt)= OI L DE hay AOIA vuéng tai [

Goi H 1a giao diém cua 04 va BC.
Ta co6 AOHN vudng tai H

Ta c6 AOHN ~ AOIA (g.g) = g_]:i[ _on = ON = OAOH .

o)) oI

Trang: 17.
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Xét AABO va AHBO c¢6: ABO=BOH =90°, A0B chung

Do d6 AABO ~ ABHO (g.g) = OB _ 04 _ 040H = 0B =R’
OH OB

2

Do d6 ON = % (khong d6i), d cho trude, O ¢b dinh = I ¢b dinh = N ¢ dinh.
III. Tinh toan
Bai toan 31. Trong hinh v&, 4B 1a tiép tuyén cua dudng tron (O) tai B.

a) Tinh ban kinh » cia duong tron (O).

b) Tinh chiéu dai canh O4 cuta tam giac 4BO.

Loi giai

a) AB 1a tiép tuyén ctia dudng tron (O) tai B = AB L OB . Xét tam gidc ABO vuéng tai B,
theo dinh i Pythagore: OA” = OB> + AB* hay (r+2)* =r* +4°
=’ +4r+4=r"+16
—4r=16-4=12
=>r=3
Vay ban kinh cua duong tron (0) 1a r=3.
b) OA=0C+AC=r+2=04=3+2=5.
Bai toan 32. Cho diém M ndm ngoai dudng tron (736 cm) va ME, MF 1 hia tiép tuyén cua dudng
tron ndy tai E va F . Cho biét EMF =60° .
a) Tinh s do EMI va EMI .
b) Tinh do dai MI .

Loi giai

Trang: 18.
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M

F

a) Ta c6 MI 1a dudong phan giac cia goc EMF (tinh chat hai tiép tuyén cit nhau)

:%:1@:%:%:30.

Xét tir giac MEIF co: MEI = MFI =90° (tinh chat cia tiép tuyén)
— EIF =360° —(@+A7ﬁ+ﬂ4?) =360~ (90" +90° +60°) =120

b) Xét tam giac MEI vudng tai E co EMI =30° (cmt)
= MI =2EI =2.6=12( cm).

Bai toan 33. Cho dudng tron (O;6 cm) . M nim ngoai duong tron sao cho OM =10 ¢m. Tt M ké hai

tiép tuyén MA, MB dén duong tron (A, B 1a hai tiép diém). Tinh d¢ dai cac canh ciia tam
giac MAB .

Loi giai

AMAO vuédng tai A (tinh chat tiép tuyén)

Theo dinh li Pythagore MA® = MO* — 04’

MA® =10° -6 =64 = MA=8( cm)

Taco MB=MA= 8( cm) (tinh chét hai tiép tuyén cat nhau)

D@ thdy MO 1a duong trung truc ctia AB (OA=O0B, MA=MB) = MO 1 AB tai H.

Xét AMAO va AAHO ¢6: MAO = AHO =90°, MOA chung

Trang: 19.
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MO A0

Do d6 AMAO ~ AAHO (g.g) = ——=— = AO> = MO-HO
A0 HO
2 2
:HOZAO :6—:3,6(cm)
MO 10

= HM =MO—-HO=10-3,6=6,4 (cm)

Chtrng minh tuong tu, ta c6: AAHM ~ AOHA (g.2)

:>A—1LI=1L[—O:>AH2 =MH-HO=6,4-3,6
MH AH

= AH =/6,4-3,6 ~ 4,8 (cm)
Vi MO la dudng trung tryc ciia AB(cmt)= HA=HB =4,8 (cm)
= AB=HA+HB=4,8+4,8=9,6 (cm)
Bai toan 34. Cho duong tron (O;5 cm) .Piém M nam ngoai (0) sao cho hai tiép tuyén MA va MB (
A, B 14 hai tiép diém) vudng goc voi nhau tai M .
a) Tinh do dai cia M4 va MB .
b) Qua giao diém / cia doan thang MO va dudng tron (O), v& mot tiép tuyén cit MA, MB
lan lugt tai C, D. Tinh d6 dai ctia CD.

Loi giai

M c A
a) D@ thay tir giac MBOA 1a hinh chit nhat (c6 ba goc vudng)
Lai c6 MA=MB (tinh chat hai tiép tuyén cat nhau)

Nén MBOA 1a hinh vudng (hinh chit nhat c6 hai canh ké bang nhau 14 hinh vuéng)
= MA=MB=S5 cm.

b) DB va DI 1a hai tiép tuyén cit nhau ctia duong tron (O) nén OD 1a tia phan gic cua
45 Q
MOB =45 :>DOB:D0]=T:22,5 .

Xét tam giac DBO vuong tai B, co DOB = 22,5° va canh goc vudbng OB =5 cm .

Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:

Trang: 20.
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BD =OB-tan DOB =5-tan22,5" = 2,1 (¢m) = DI = DB ~ 2,1 (cm) (tinh cht hai tiép tuyén
cit nhau).
Tacdé MD = MC (tinh chat hai tiép tuyén cit nhau).
Tam giac DMC can c¢6 MI 1a dudng cao nén dong thoi 1a trung tuyér. Hay IC = DI = 2,1 (cm)
=CD=22,1=4,2 (cm)

Bai to4n 35. Cho dudng tron (O), diém M nim ngoai (O) sao cho MA va MB 1a hai tiép tuyén (4, B

14 hai tiép diém) thoa man AMB = 60". Biét chu vi tam gidgc MAB 1a 18 cm , tinh do dai day
AB.

Loi giai
Ta c6 MA=MB (tinh chét hai tiép tuyén cit nhau) nén tam giac AMB cantai M c6
AMB = 60° (gt) nén tam gidc AMB déu = MA=MB =AM ma

MA+MB+ AB =18( cm):AB=?=6( cm)

Bai toan 36. Cho diém 4 ndm ngoai duong tron (O;R) véi OA=2R. V& hai tiép tuyén 4B, AC dén
duong tron (B, C 1a tiép diém). Chimg minh ring AABC déu va tinh cac canh ciia né theo R .

Loi gidi

AABO vudng tai B (tinh chit tiép tuyén)
OB_R 1_ ~

Ta 6 sinA1=a—ﬁ=2:>A1:3O°:>§4\C:6O°

Trang: 21.
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AB* = A0*-OB* =(2R)* -R*=3R* = AB=R\3
AABC cén (tinh chit tiép tuyén cit nhau) c6 BAC = 60" nén 1a tam giac déu
— AC=BC=AB=R\3.
Bai toan 37. Cho duong tron (0) noi tiép AABC, cac tiép diém trén cac canh AB, BC, CA lan luot 1a
M,Nvas.
a) Chimg minh rang: AB+ AC —BC =2AM .
b) Cho AB=4 c¢cm, BC =7 cm va CA=5 cm. Tinh cac doan thing AM , BM va CS .

Loi gidi

a)Taco AB+ AC—-BC =AM + MB+ AS +SC—-BN - NC
=AM + AS =2AM
b) Theo cau ata cd: 4B+ AC—-BC =24AM

AB+ AC-BC
2

BM =4-1=3; AS=AM =1=SC=5-1=4

= AM =

Bai toan 38. Cho tam giac ABC vudngtai A ¢c6 AB=6 cm, AC =8 cm. Goi [ 1atam cia dudong tron
noi tiép AABC . Tinh ban kinh ctia duong tron tam 1 .
Loi giai
A

Trang: 22.
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Ta c6 tam giac ABC vudng tai A (gt) Theo dinh li Pythagore:
BC? = AB* + AC* =6 +8” =100
= BC=+6>+8" =10 (cm)
Goi S ;. 1a dién tich tam giac ABC
. 1 1 2
Tacd Syc = AB-AC =—-6-8=24 (em?)
Goi ban kinh duong tron noi tiép A4BC 1a r

1 1 1
Taco S pc =S +Spic +Scu :EF'AB+§F'BC+EF-AC

=S 5 :%r(AB+BC+AC)

=24-2=7r(4B+BC+AC)

e 48 48 _9
AB+BC+AC 6+8+10

Vay béan kinh duong tron tim [ ndi tiép AABC 1a r=2 (cm).

Nhén xét: Theo bai toan 36 trén. Goi 7 14 ban kinh dudng tron noi tiép tam giac ABC, S, BC

AB+ AC+ BC thi r=£

p

la dién tich vantrachuvila p =

Bai toan 39. Cho tam giac ABC cantai 4 ¢c6 AB=AC =10 cm, BC=12 cm va I 1a tam cta duong
tron ndi tiép AABC . Tinh ban kinh ciia duong tron (1 ) .
Hudng dan: Theo bai 36. Pé tinh ban kinh dudng tron noi tiép A4BC ta tinh dién tich cua tam
gidc (S) vanira chu vi (p).
Loi giai
AABC cantai A, ké duong cao AH tacd AH ddng thoi la dudng trung tuyén

HB:HC:%:%:6 (cm) Theo dinh li

A
Pythagore:
AH? = AB* — HB* =10* -6°
:>AH:8(cm). 10 7
s =lpeag-L 128=48(cm2)
e =5 BC. S12.
AB+ AC+BC 5 a €
p=227 > il =16(cm). Cmmmm e 2 >

Vay r=%=3(cm).

Trang: 23.
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Cach khac:

AABC céan nén dudng cao AH ciing déng thoi 1a duong phan giac, 7 1a tAm cua dudng tron
noi tiép nén CI 12 phan giac ciia AAHC .
14 _C4 _10_5

TacO —=——
IH CH 6 3

M_IH_M+IH_AH |
5 3 5+3 8

:%zl:le?&(cm).

Vay ban kinh duong tron ndi tiép A4BC 1a 3(cm).
Chu y: D6i v6i mot tam giac tiy ¥ ta ¢ thé chimg minh cong thirc dién tich sau day:

a+b+c

S=pr(p= : ntra chu vi, 714 ban kinh duong tron noi tiép tam giac, a,b,c 1a do dai

ba canh cua tam gidc) (Xem cach chirng minh bai toan 36).
Bai toan 40. Cho tam gidc ABC cantai A c6 AB=AC =13cm, BC =10cm . Goi O 1a tdm duong tron

ngoai tiép tam giac ABC . Tinh ban kinh ciia dudng tron (0O).

Loi giai
Ké duong kinh 4D cit BCtai H taco
mp=pc=2¢_1_s

2 2 A

Theo dinh li Pythagore AB* = AH* + BH’
AH? = AB> —BH? =13* —5* = AH =~/13* - §°
= AH =12(cm).

Xét tam gidc ABD c¢b BO 1a dudng trung tuyén ma

, O
1 ||
BO = A0 = DO hay BO:EAD nén tam gidc ABD B \f/c

vuong tai B. D

Xét AABD va AAHB co: BAD chung va
ABD = AHB = 90"
Do d6 AABD ~ AAHB (g.g)

AB _ AH

= = AB* = AD.AH
AD AB
2
o ap=AB_13 —=14,1(cm)
AH 12

1

1

Vay ban kinh duong tron (O) ngoai tiép AABC: R=——=7,05(cm).

Trang: 24.
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Bai to4n 41. Quan sat hinh v&. Biét 4B, AC lan lugt 14 tiép tuyén ciia dudng tron (O) tai B,C . Tinh gia
tri cua x.
Loi giai
Taco: AB=AC B

(tinh chét hai tiép tuyén cat
nhau) 7x -4

o
Hay 7x—-4=3x+8
=T7x-3x=8+4
=4x=12 . .
4 3x+ 38 C
= x=3.

Bai toan 42. Tl diém M nim ngoai dudng tron (O), MO =13cm , v& hai tiép tuyén MA, MB ( A4, B 1a cac
tiép diém).
Tinh d¢ dai MA, MB .
Cho C la diém bét ki thuoc dudng tron (O) va ndm trong goc AOB. Tiép tuyén tai C cua
duong tron cit MA tai N va cit MB tai P. Tinh chu vi tam giac MNP .
Loi giai
Ta c6: MA 1L OA (tinh chét tiép tuyén) hay tam gidc MAO vudng tai 4.
Theo dinh li Pythagore, ta co:
MO* = MA* + 04> = MA® = MO* — 04’ =13° -5°
= MA=+13" -5 = 12(cm)
Véay MB = MA=12(cm)(tinh chat hai tiép tuyén cat nhau).
Goi p la chu vi cua tam giac MNP, ta co:
p=MN+NC+CP+MP
ma NC = NA (tinh chat hai tiép tuyén cat nhau)
Tuong tw CP = PB
= p=(MN + NA)+(PB+MP)
=MA+MB=12+12=24(cm)
Vay chu vi tam gidc MNP bing24(cm).
III. TOAN THU'C TE

Bai toan 43. Banh da ctia mot dong co dugc thiét ké co dang 1a mét duong tron tdm O, ban kinh 15¢m
dugc kéo boi mot dy curoa. Truc quay ciia md to truyén luc duoc biéu dién boi diém M (hinh
v&). Cho biét khoang cach OM 1a 35cm.
Tinh d6 dai cta hai doan day curoa MA va MB (két qua lam tron dén hang phan muoi).

Tinh s6 do AMB tao boi hai tiép tuyén AM, AB va sé do AOB (két qua 1am tron dén phut).

Trang: 25.
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Banh da
o
Day curoa
Mb to
a) b)

Loi giai
Xem hinh vé.
Ta c6 MA = MB (tinh chat hai tiép tuyén cit nhau)
MA 1a tiép tuyén ctia duong tron (O)
= MA 1 OA hay tam gidc OAM vuong tai A4 .
Theo dinh li Pythagore, ta co:
MO? = MA® + 04 = MA* = MO? - 04” =35* -15°
= MA=+/35"-15" ~ 31,6(cm)
Vay MA=MB =31,6cm .
Tam giac vuong OAM c¢o6 canh huyén MO =35c¢m, canh goc
vuong 04 =15cm.
Theo dinh 1i v& hé thirc lugng trong tam gidc vudng, ta co:
OA=OM sin AMO
= sin AMO =22 - 1> , 1310~ 2523
OM 35
Vi MO la tia phan giac ciia goc AMB
= AMB =2.25"23"=50°46"
Xét tor giac MAOB, ta cé:
AOB = 360" —(@+@+@)

AOB = 360" ~(90° +90° +50°46') =129°32

15cm

35cm

Bai todn 44. Trong hinh v&, mat cat cla Trai D4t cd thé xem 1a duwong tron tdm O béan kinh R = 6400km . TUr

diém A nam & do6 cao /1 so véi muc nwdce bién, mot ngudi cé thé thay xa nhat dén diém B trén (O)

sao cho AB 13 tiép tuyén cla (0) . Khoang cach AB khi dé dugc goi la tAm nhin xa tir diém A . Tinh

AB néu h=20m.
Loi gidi

Trang: 26.
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Doi: h=20m =0,02km
Vi 4B 1a tiép tuyén ctia dudng tron (0;6400km)nén AB L OB.

Tam giac ABO vudng tai B, c6 canh huyén O4 = R+h va canh gbc vudng OB = R . Trong d6
R =6400km .
Theo dinh li Pythagore, ta co:

0A* =OB* + AB?

= AB* =04’ -~ AB* =(R+h)" — R* =(6400+0,02)" ~ 6400

= 4B =/(6400+0,02)’ —6400" =16 (Jm)

Bai toan 45. Trong hinh v&, dé tau khdng trat banh ray khi chuyén hudng tir
duong ray thang X4 sang duong ray thang YB, doan day ndi
duoc thiét ké la mot phan cla dudng tron (O) ti€p xtc vai X4
tai A va BY tai B.Biét géc chuyén huwdng cla tau la
AMB =105° va khoang céch gitra hai diém 4 va B 1a 730m .
Tinh bén kinh clia dudng tron (O), lam tron két qua dén don vi
mét.

Loi giai

Ta ¢c6 OA=OB=R;MA=MB (tinh chat hai tiép tuyén cit
nhau) nén MO 1a dudng trung tryc cua doan 4B .
Goi I 1a giao diém cua MO va AB,taco I 1a trung diém cua

doan AB hay IA=IB = A2B = 7;0 =365(m).

Xét tir giac AOBM co:
A0B =360" -(OBM + AMB + OAM )

=360° —(90" +105° +90°) = 75°
Lai c6 MO latia phén giac clia goc AOB (tinh chat hai tiép tuyén cat nhau).
0
= AOI = BOI = AOB o 37,5°
22
Vi MO 1a dudng trung truc cia AB (cmt) = MO L AB tai [.
Xét tam gidc AOI vuodng tai I ¢6 canh goc vudng /4 =365(m), goc nhon A0l =37.5".

Trang: 27.
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Theo dinh Ii vé hé thtrc lwong trong tam giac vudng, ta co:
A= 0A.sin 401

14 365
sin AOI - sin37,5’
Vay ban kinh duong tron (0) 1a 599m.

— OA = ~599(m)

Trang: 28.
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BAI 17. VI TRi TUONG POI CUA HAI PUONG TRON
PHAN A. KIEN THUC CAN NHO

Nhan xét: Bang tom tat vj tri twong d6i cla hai dwdng tron phan biét (O;R) va (O';R') véi R>R'
BANG TONG KET
Vi tri twong ddi S6 diém chung Hé thirc lién hé Hinh anh
A
Hai dudng tron cét
ai duong tron cat | R-R'<0O0'<R+R' /1
nhau "
B
ol demg wintil | o
XUc ngoai
Hai duong tron tiép \ \ ‘

, 1 00'=R-R 4
Xxuc trong v
Hal‘qu’ongtrono 0 00'> R+ R'
ngoai nhau
Duong tron (O;R)
dung dudng tron 0 OO'<R-R'

(0%

PHAN B. PHAN LOAI CAC BAI TAP

I. Xac dinh vi tri twong doi ciia hai dwong tron

Bai toan 1. Cho hai diém O va O' cach nhau mot khoang 5 cm. Mdi dudng tron sau day co vi tri twong

d6i nhu thé nao d6i véi duong tron (O; 3cm).

a) Puong tron (O'; 3cm) b) Pudng tron (O'; 1em)

b) Puong tron (O'; 8cm)

Loi giai

Trang: 1.
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a) bat R =3cm,R'=3cm

Taco: 3-3<5<3+3

R—-R'<OO'<R+R'hay 0<5<6

Do d6 hai duong tron (O; 3em)va(0'; 3cm) cét nhau.

b) bat R =3cm,R'=1cm

Taco: 5>3+1

00'>R+R'

Do do6 hai duong tron (O; 3cm)va (O'; 1cm) & ngoai nhau.

c)bat R=3cm,R'=8cm

Tacé: 5=8-3hay OO'=R'-R

Do d6 hai duong tron (O; 3em)va (O'; 8cm) tiép xtic nhau.
Bai toan 2. Xac dinh vj tri twong ddi cta hai dudong tron (O; R) va (O'; R') trong mdi truong hop sau:

a) 00'=12;R=5R'=3;b) OO'=8;R=5,R'=3;

c) O0'=7;R=5,R'=3;d) OO'=0;R=5;R'=4;.

e) OO'=3;R=4;,R'=1.

Loi giai

a) Taco: 12>5+3 hay OO'> RR'.

Do d6 hai duong tron (O; R)va(O'; R') & ngoai nhau.

b) Tacd: 8=5+3 hay OO'=RR".

Do d6 hai duong tron (O; R)va(O'"; R') tiép xtc ngoai.

c)Taco: 5-3<7<5+3 hay R—-R'<OO'<R+R'.

Do d6 hai duong tron (O; R)va(O"; R") cét nhau.

d) Taco: 0<5-4 hay OO'<R-R".

Do d6 hai duong tron (O; R) dung duong tron(O'; R") .

e) Tacd: 3=7—4 hay OO'=R'-R.

Do d6 hai duong tron (O; R)va(O"; R") tiép xuc trong.

Bai toan 3. Cho hai diém O va O' sao cho OO0'=3cm . Mbi dudng tron sau ddy co vi tri trong ddi nhu
thé nao d6i v6i duong tron (O; 3cm).

Loi giai
bat R=8cm,R'=5cm
Ta c6: 3cm =8cm—S5cmhay OO'=R—-R'

Viy hai dudng tron da cho tiép xtic trong v6i nhau.

Trang: 2.
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Bai toan 4. Xéac dinh vi tri ctia hai dudng tron (O;3cm)va (0';2cm) biét 00" > Scm.
Loi giai
bat R=3cm,R'=2cm
Taco: OO'=5>R+R'
Do d6 hai duong tron (O;3cm)va (O';2cm) hai dudng tron ¢ ngoai nhau.

Bai toan 5. Cho hai diém O va O' sao cho O0'=2cm . Xac dinh vi tri twong dbi cta hai duong tron
(O; 5¢m) va (O'; r) biét rang r<3cm .
Loi giai
bat R =8cm va duong tron tam O' ¢ ban kinh »<3cm .
Taco: O0'=2<5—r (vi r<3cm)
Do d6 duong tron (O;5cm) dung duong tron (O';r) khi r<3cm.

Bai toan 6. Cho ba diém thang hang O, 4 va O'. Vi mdi truong hop sau hdy viét hé thuc gitta cac do
dai 00',04 va 0'A 16i xét xem hai duong tron (0;04) va (0';0' A) tiép xiic trong hay tiép
xUc ngoai voi nhau; v€ hinh dé khéng dinh du doan cia minh.

a) Piém A nim giira hai diém O va O';
b) Piém O nim giita hai diém 4 va O';
¢) Biém O' nam giita hai diém 4 va O.

Loi giai
a) Piém A nim giira hai diém O va O';
Taco: O0'=04+0A4'
Hai duong tron (0;04) va (00" A) tiép xtic ngoai (Xem
hinh a)

Hinh a

b) Piém O nim giita hai diém 4 va O".
Taco: 00'=0'4—-0A4
Hai duong tron (0;04) va (0%;0'A) tiép xuc trong(Xem A
hinh b)

Hinh b
¢) Piém O' nam giira hai diém 4 va O.
Taco: O0'=04-0'4
Hai duong tron (0;04) va (0%0'A4) tiép xic trong (Xem
hinh c)

>

Hinh ¢

Bai toan 7. Cho hai dudng tron (0) va (O') tiép xic ngoai véi nhau tai 4. Mot duong thang qua 4 cat
(O)tai B va (O") cittai C. Chirng minh rang OB//O'C..

Trang: 3.
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Loi giai
Goi ban kinh duong tron (O)1a R.
Ta c6: O4 =0B =R hay tam gidc AOB cén tai O C
=B=4, P ‘(
Tuong ty, ta ¢6 tam giac AOC cantai O'= C= 1/4; ma B '
4, = A, (dbi dinh)

Dodé B=C = OBI//O'C (cdp goc so le trong bang nhau).
Bai toan 8. Cho nira duong tron (O) dudng kinh AB. Trén cing nira mit phang bd 4B , v& nira dudng

tron tam O' duong kinh OA.

a) Xac dinh vi tri tuong ddi cua duong tron (0) va dudng tron (O')

b) Vé day cung AC cua nira duong tron (O) va nira duong tron (O') tai D. Ching minh OC
va OD song song vdi nhau.

q q Loi giai

a) Ta co badiém 4,0',0 thang hang va
00'=04A-0'A(d=R-R")
Chtng to (O) va (0") tiép xtic trong tai A.
b) Tacé AAO'Dcan (vi 0'A=0'D=R'") = 4,=D, (1)
Tuong tw AAOC can :>:4\l = a (2)

T (1) va(2)tacé D, =C, =0'D//OC (cip gbc ddng vi bing nhau)
Chu y: Céc ban c6 thé giai thém céu c) sau day:
Chung minh D 1a trung diém cia AC va OD song song v6i BC .

Huéng din: D thudc nira duong tron duong kinh 40 nén ADO=90°. Khido D la trung
diém ctua AC (dinh li duong kinh day cung) ta chimg minh OD 1a dudng trung binh ctia
AAOC &é suy ra OD//BC .

Bai toan 9. Cho doan thing OO' va diém A4 nam giita hai diém O va O'. V& duong tron (0;04) va
duong tron (0';0'A4). Qua 4 vé& duong thang cit (O) tai B va (O') cat tai C.

a) Ching minh (O) va (0") tiép xtic nhau.
b) V& dudng kinh BD cia (O)va CE cia (O'), chimg minh D, 4, E thing hang.

Loi giai

Trang: 4.
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a)Taco: O0'=04+0'A(d=R+R")
Chung t6 (0) va (0") tiép xuc ngoai tai 4.
b) Ta c6 BD la duong kinh ctia (O) nén

04 = %BD )

Xét AABD c6 AO 1a trung tuyén (1) nén AABD
vuong tai 4 hay AD | AB, ma B, A,C thang
hang nén AD 1 BC, tuong tu AE 1 BC.

Vivady 4D va AE phai tring nhau hay ba diém D, 4, E thiang hang.

Bai toan 10. Cho hinh binh hanh ABCD (AB > AD). V& duong tron tim A ban kinh 4D, duong tron (A4)
cit AB tai E. V& duong tron tim B ban kinh BE, dudng tron (B) cét duong rhawngr DE tai
F. Chtng minh duong tron (4; AD) va (B; BE) tiép xtic v6i nhau va ba diém F, B,C thang
hang.

Loi giai

Tacd AB=AE+EB (d=R+R")
Chting t6 (4; AD) va (B; BE) tiép xuc ngoai
v6i nhau tai E.
Tacd AADE cantai A (AD = AE =R)

—~

:>131=El

—~

Tuong ty AEBF cantai B = F= E,

ma E =E, (dbi dinh) = D, = F.

Do d6 AD//BF . Lai ¢ AD//BC (gt)
Theo tién dé O-clit: BF va BC phai tring nhau hay F,B,C thang hang.

Bai toan 11. Cho duong tron (O) duong kinh BC . Mot day AD vudng goc voi BC tai H . Goi E,F
theo thir tir 13 chan cac dudng vudng goc ké tir H dén AB, AC . Goi (I) va (K) lan luot 1a cac
dudng tron ngoai tiép cac tam giac HBE va HCF.

Xac dinh vi tri trong ddi cua duong tron (Z) va (0); (K) va (0); (1) va (K).

Loi giai

Trang: 5.
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Taco: Ol =0B—-IB(d=R-R)) A
Chung to (1) va (0) tiép xtc trong.
Tuong tu ta chimg minh duoc (K) va (O) tiép E

xuc trong vo1 nhau

K
Laico: IK =IH +HK (d =R +R,)Chimg to (1) B{—71 {5 C
va (K) tiép xac ngoai véi nhau. y
D

Bai toan 12. Cho dudng tron (O) duong kinh 4B . Mot diém C (khac A, B) nim trén dudng tron. Tiép

Bai toan

tuyén Cx cua dudng tron cét tia AB tai /, phan giac cta ges CI4 cit OCtai O'.
a) Xéc dinh vi tri tuong ddi cua duong tron (0) va (0%0'C).

b) Chimng minh rang duong tron (0';0'C) tiép xtc v6i AB.

Loi giai
a) Hai duong tron (0) va (0") c6 chung diém C X
Cx 1a tiép tuyén cua duong tron (O) (gt)
—0C LCx ma 0'eO0C = 0'C 1 Cx =
Vay Cx 1a tiép tuyén chug hy duong tron (0) va ‘\
duong tron (0';0'C) tiép xuc nhau tai C.
b) O' nam trén phan giac cua goc CIA nén O' A 0 B :

cach 14 mot khoang bang O'C nén dudng tron

(00'C) tiép xtic voi AB.

13. Cho duong thing O0'=13cm . Dung dudng tron (O;12¢m) va (O';5¢m)

a) Xac dinh vi tri twong d6i cua duong tron (0) va (O").

b) V& dudng kinh AC caa (O) va AD cia (O"). Ching minh ba diém C, B, D thing hang.

Loi giai

a) Taco: OO'<R+R'(13<12+5) nén dudong

tron (O) va (O') cat nhau tai hai diém phén biét

A va B.

b) Ta c6 ABC=90" (AC 1a dudng kinh) o o

Tuong tw ABD =90°, do d6 ABC + ABD =180" / \
c D

nén C, B, D thang hang.

II. TINH CHAT

Ap dung tinh chat hai dwong tron tiép xiic

Trang: 6.
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Bai toan 14. Cho duong tron (0;3cm) va dudng tron (O';1em) tiép xtc ngoai nhau tai A, v& hai ban

kinh OB va O'C song song v&i nhau va cung thudc nira mit phing c6 bo 1a 00",

a) Tinh BAC.

b) Goi / 14 giao diém ciia BC va OO'. Tinh OI .
Loi giai

a) Taco OB//O'C (gt)

= BOA+CO'A=180"

(c@p gbc trong cung phia)

Lai c6 cac tam giac AOB va AO'C can tai

O vaO'

180°—BOA .
—FFF va
2
0_ 4

A2=180 2COA

nén 4 =

0 (DBAA LA
:>A+A2=36O (BOzA+CO A)

— BAC =180° — (4, + 4,) = 90°

= 90"

iy

b) AIBO c¢6 OB//O'C theo hé qua cua dinh 1i Thalés:
I0 OB _10-10' OB-0'C

= =
10" 0O'C 10 OB
0O0' O0OB-0'C 4 3-1
Hay - ==
10 OB 10

:>IO=%=6cm.

Bai toan 15. Cho duong tron (O; Scm) va duong tron (O'; 3cm) tiép xuc ngoai nhau tai 4. Mot dudng
thang qua 4 hop v6i 00" mot goc 30° cat (O) tai B va (O") tai C.
a) Chung minh AOB = 40'C va OB//O'C
b) Tiép tuyén tai C cta (O") cit O0' tai D . Tinh CD,O'D.
Loi giai
a) AAOB cantai O ¢6 A, =B,
twong tw véi AAO'C 6 4»=C)
ma A = 4> (d6i dinh)
— A =4=B=C

—

— AOB=A0C (hai tam giac cin co cac goc & day bang nhau)

va B, =C, = OB//O'C (cap goc so le trong)

Trang: 7.
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b) C6 A> =30°(gt) = C) =30°

—

= A0 C=180°( 42 +C1)=180° - (30°+30°) =120° = CO'D = 60°

Xét tam giac vuong CO'D ¢6 tan C/07) = S—D

—

CD=0CtanCO'D = Rtan 60° = R\/3 =33 cm

ﬁzcosC/OTDzO'D:O—C,:i
OD cosCOD 1

Bai toan 16. Cho dudng tron (O;R) dudng kinh 4B . Goi S 1a trung diém ciia OA4 v& dudng tron tam S
diqua 4.

a) Ching minh dudng tron (O) va dudng tron (S) tiép xac nhau tai 4.

b) Mot duong thing di qua 4 cat dudng tron (S) tai M va cit (O) tai N (M, N khac A)
ching minh SM // ON .

¢) Goi I 1a trung diém ctia ON , dudng thing A7 cit NB tai K . Chimg minh rang
BK =2KN .

Loi giai
a) Tac6 SO=04-SA(d =R-R) N

Vay (0) va () tiép xuc trong tai 4 }
b) AASM cantai S = A =Miva AAON can

tai O = 21 = ]/\71 ’

= M\l = ]/\\71 f l B
= SM //ON (cdp goc dong vi bang nhau). $ 0

c)Ké OE//IK c6 I latrung diém caa ON

(gt)

= IK la duong trung binh cua

ANOE = KN =KE

N

A

Mit khac AAKB ¢6 O 1a trung diém cua AB, OE// AK (gt)
= E 1a trung diém cua BK . Do 6 BK =2KN .

Bai toan 17. Cho duong tron (K) c6 dudng kinh BC. Goi D 1a trung diém cua KC va I 1a tam dudng
tron c6 duong kinh BD.

a) Chimg t6 dudng tron (K) va (1) tiép xtic nhau.
b) Qua B v& duong thang (khong trung voi BC) cét (K) tai 4 vacit (/) tai E.Ching to

KANIE vatiss SL khong doi.
DE

Loi giai

Trang: 8.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

a) Taco KI =KB—IB(d =R-R)
Vay (K) va (I) tiép xtic nhau tai B.

b) Chlrng minh tuong tu cau b bai toan 16
taco: KA // IE

Tacé DE L BE (BD la duong kinh)
Tuong tu CA L BA= DE// AC.

* Ap dung tinh chat hai dwong tron cit nhau
Bai toan 18. Cho duong tron (O;4cm) va (O';3cm) va doan ndi tim OO =5cm.
a) Chung té duong tron (O) va (O) cit nhau tai hai diém 4 va B.

b) Tinh d¢ dai 4B .

¢) Goi AC, 4D lan luot 1a duong kinh cta duong tron (0) va (O'). Chimg minh rang C,B,D

thang hang.
Loi giai

a) Tacd OA—O A<OA+0 A

(4-3<5<4+3)

Ching t6 (O) va (O') cit nhau tai hai diém

phan biét 4 va B.
b) Xét tam giac 400 cb

A0 =4cm; A0 =3cm va 00 =5cm.
Taco: 5° =4° +3% hay 00° = A0* + AO”
Theo dinh li Pythagore ddo, ta c6 tam giac
AOO vudng tai A.

Tacd: OA=0B=4cm; O A=0B=3cm nén OO la dudng trung truc ciia doan AB

= 00 1 AB.

Goi I 1a giao diém ctia OO va AB, tacd Al 1a dudng cao clia tam giac vudng A0O .

Goi S, 1a dién tich ctia tam gidc vudng 400

, 1 : |
Taco S, =EA]-OO =A0.A0 5

_04-04 43

— Al 5 =2.4(cm) = 4B =4,8(cm)

nén tam gidc ABC vuong tai B hay BC L AB.
Chirng minh tuong tu tacé BD L AB.
Do d6 ba diém C,B, D thing hang.

Bai tofin 19. Cho hai duong tron (0;10cm) va (O';17cm) cét nhau tai hai diém 4 va B, biét

AB =16cm. Tinh do dai doan 0O .

Trang: 9.
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Loi giai
Truong hop 1: (Xem hinh v¢).
O va O nam vé hai phia d6i voi 4B .

A
Taco: OA=0B=10cm Ah\
OA=0B=17cm “V
B

Nén OO’ 1a dudng trung tryc cuia doan AB nén
OO L AB tai H va

HA=HB:A7B:%=8(CWL)

Xét tam giac AHO vuodng tai H .

Theo dinh li Pythagore, ta co:

OA’> =OH* + AH® = OH? =04’ — AH* =10° - 8’

= OH =+/10" —8% = 6(cm)

Tuong tu véi tam giac vuong AHO', tacé HO =15(cm).

00 =0OH + HO =6+15=21(cm)
Truong hop 2:

A

OO’ nam vé cuing mot phia di voi AB
Tacd OO0 =0O'H—-OH =15—-6=9(cm). \
B

Bai tofin 20. Cho hai duong tron (0) va (O') cit nhau tai hai diém 4 va B (xem hinh v&). V& hinh binh
hanh OBO'C . Chimg minh rang AC// OO
Loi giai

Goi H la giao diém cta 4B va OO ta cd

H 14 trung diém cua AB .

Goi I 1a giao diém ciia BC va 00

Vi OCO'B 1a hinh binh hanh nén 7 1 trung
diém cua BC.

Do @6 IH 1a duong trung binh cia AABC

= IH /| AC hay OO // AC.

Trang: 10.
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BAI TAP CUOI CHUONG V
Bai toan 1. Cho dudng tron (O) dwong kinh BC va diém A (khac B va C ).
a) Ching minh rang néu 4 nam trén (O) thi ABC 1a mot tam gido vudng; nguoc lai, néu
ABC 1a mot tam giac vudng tai 4 thi 4 nam trén (O).
b) Gia st 4 12 mot trong hai giao diém cua dudng tron (B; BO) voi duong tron (O) . Tinh cac
gbc cua tam giac ABC.

¢) Véi cung gia thiét cdu b, tinh do dai cung AC va dién tich hinh quat nam trong (O) gidi
han boi cac ban kinh O4 va OC, biét ring BC = 6cm.

Loi giai
a) Anam trén (O) = 0A=0B=0C.

4
Tam giac ABC ¢6 O la trung diém doan m
BC nén AO la trung tuyén ma A0 =%BC. B o) C
Do d6 AABC vudng tai 4. U
Nguoc lai tam gidc ABC vudng tai 4 c6 AO 1a dudng trung tuyén
= 04=0B=0C

Ching t6 A thudc duong tron (O).
b) Khi 4 1a giao diém cua dudng tron ( B;BO ) voi

A
duong tron (0) / \\
Ta cb6 OA= 0B = AB nén tam giac ABC déu A .
= B=AOB=60° "

— AOC = 180°— AOB (hai goc ké bi)
=180°—60° =120°

Xét tam giac AOC can tai O co:

AOC =120°(cmt) = C = OAC = 30°

Xét tam gidc ABC ¢6 BAC =180°—(B+C) =180°—(60°+30°) = 90°
Céc goc cla tam gidc ABC 1a BAC =90°,B = 60°,C =30°.

¢) Khi BC =6c¢m ta co ban kinh duong tron (O) 1a 3cm.

Goi [/, 1a do dai cung AC c6 [, :%-ﬂ-3z6,3(cm)

Goi S 1a dién tich hinh quat ndm trong (O) gidi han boi cac ban kinh 04 va OC , ta c6:

120,

S =
360

7-3* =9,4(cm)

Bai toan 2. Cho tir gidc ABCD ¢6 B=D =90°.

a) Chirng minh bon diém 4,B,C,D cung nim trén mot duong tron.

Trang: 11.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9

b) So sanh d6 dai cua AC va BD.

Loi giai

a) N6i 4 voi C. Goi O 1a trung diém doan AC .
Xét tam giac ABC vuong tai B (gt) c6 OB la duong trung
tuyén

:OB:%AC hay O4A=0B=0C

Do d6 ba diém 4, B,C nim trén duong tron (O; %)

Chting minh tuong tw D nam trén dudng tron (O;A—ch .

b) AC > BD ( AC 1a dudng kinh).
Bai to4n 3. Cho 4B 1a day bat ki (khong phdi la dudng kinh) ctia duong tron (0; 4 cm). Goi C va D
lan luot 13 cac diém d6i xtmg v6i A va B quatam O.

a) Hai diém C va D c6 ndm trén dudng tron (O) khong? Vi sao?

b) Biét ring ABCD 1a mot hinh vudng. Tinh d6 dai cung 16n AB va dién tich hinh quat tron
tao boi hai ban kinh OA4 va OB .

Loi giai
a) Vi C dbi xtmg A quatim O = OC =0A.
Ching minh tvong tw OD = OB
Ma OA=0B=4cm
= 04=0B=0C=0D =4 cm hay hai diém C va D nam trén duong tron (O).

b) ABCD 14 hinh vuéng AC 1 BD tai O hay s6 do cung nhd AB bing 90°.

Trang: 12.



PHAN LOAI VA GIAI CHI TIET CAC DANG TOAN 9
= s6 do cung 16n 4B bang 360° —90° =270°.
A s . . 90
Ta c6 dg dai cung 16n 4B la: 12@'7[-4 =6,28 (cm)
Goi S 1a dién tich hinh quat tron tao boi hai ban kinh O4 va OB

Taco S =0 . .42 =12,56 (cmz).
360

Bai toan 4. Cho hai dudng tron (O; 2 cm) va (A4; 2 cm) cit nhau tai ¢
C, D, diém A nam trén duong tron tim O (hinh v§).
a) V& duong tron (C; 2 cm)
b) Duong tron (C; 2 cm) c6 di qua hai diém O va 4 khong?
D

Vi sao?
Loi gidi
a) Xem hinh vé.

b) Vi Ce(0; 2em)=CO=2cm.

Tuong ty Ce(4; 2cm)=CA=2cm. /\
Tacd CO=CA=2 cm nén (C; 2 cm)di qua hai diem O va 4. )

NS—————
Bai toan 5. Cho tam gidc vuong ABC (A vudng). V& hai duong tron '

(B; BA) va (C; CA) citnhautai 4 va A'. Chimg minh rang:

a) BA va BA' 1a hai tiép tuyén cdt nhau cua dudng tron (C; CA).

b) CA va CA' 14 hai tiép tuyén cit nhau ciia duong tron (B; BA).
Loi giai

a) Xét ABA'C va ABAC co:

BC (canh chung),

BA =BA',

CA=CA"

Do @6 ABA'C =ABAC (c.c.c)

— BA'C = BAC =90 (gbc tuong ting) hay BA' L CA'

Chimg t6 BA' 1a tiép tuyén cua duong tron (C; CA)
Lai co BA L CA (gt) nén BA 1a tiép tuyén ciia duong tron (C; CA)
Do d6 BA va BA' 14 hai tiép tuyén cit nhau ctia duong tron (C; C4)

b) Chirng minh twong ty CA va CA' 14 hai tiép tuyén cét nhau cua dudng tron (B; BA).

Trang: 13.
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Bai to4n 6. Cho hai duong tron (O) va (O') cdtnhau tai 4 va B. Mot dudng thang d diqua A cét
(O) tai E vacit (0") tai F (E va F khac A).

Biét diém A4 nam trong doan EF . Goi I va K lan
lugt 1a trung diém cua AE va AF (hinh v&)

a) Chimg minh rang tir giac OO'KI 1a mét hinh
thang vudng.

b) Chimg minh rang IK = %EF

¢)Khi d & vitrindo (d vanqua 4)thi OO'KI 1a
mot hinh chir nhat?

Loi giai
a) Ta co: OF = OA nén tam gidc AOE cantai O c6 I la trung diém ctia AE (gt) nén OI 1a
duong trung tuyén ma AAOE cantai O (cmt)
= OI d6ng thoi 1a duong cao hay OI 1 AE

Chirng minh tuong tu, tacd O'K 1 AF ma E, A, F €d nén OI, OF cung vudng goc voi d
=0Il//0'K

Do @6 tr giac OO'KI 1a hinh thang vudng.

b) Tacod: IK =14+ AK ma IA= %EA;AK :%AF

= IK = ~(EA+ AF) = - EF
2 2

c)d diqua A va d//O0" thi OO'KI la hinh chir nhat.
Bai toan 7. Cho diém B nim giita hai diém 4 va C, sao cho 4B =2 cm va BC =1cm. V& cac duong

tron (A4; 1,5 cm), (B; 3 cm), (C; 2 cm). Hay xac dinh cac cap duong tron:

a) Cit nhau; b) Khong giao nhau;

¢) Tiép xtic nhau.

Loi gidi

a) * Duong tron (4; 1,5 cm) va duong tron (B; 3 cm) cét

nhau.

* Pudng tron (4; 1,5 ¢m) va duong tron (C; 2 cm) cit nhau.

b) Khong co.

c¢) Buong tron (B; 3 cm) va duong tron (C ; 2 cm) tiép xuc

trong.

Trang: 14.
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Bai toan 8. Trong hinh v€, d§ dai canh cua céc hinh vuéng 16n la
10 ¢m . Tinh dién tich va chu vi ctia phan duogc t6 mau.

Loi gidi
Dién tich cua phﬁn duoc td6 mau trén hinh vé 1a dién tich cia 8
hinh vién phan tao bdi cung AB va ddy AB (xem hinh v§).
Goi § la dién tich hinh vién phan, ta c6: S=S, -5,
(S, : dién tich hinh quat chin cung AB, §,,; 1a di¢n tich hinh tam

giac vuong can canh 5 cm ).

Taco: S =2~7z-52 =—7 (cmz)
7360 4

1 1. 25,

Sior = AlBI ==+5:5= " (em?)

Do d6 dién tich 1 hinh vién phan la:
25 25 )
S0 ZTII—? ~7,13 (cm )
Vay dién tich phan dugc t6 mau 1a: 8.7,13 ~ 57 (sz)

Chu vi phan dugc t6 mau la 8 cung 4B .

Goi / 1a d9 dai cung AB, ta co: l=2-ﬂ'-5=§-ﬂ'
180 2

3 HET ©

Trang: 15.
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