CHUYEN DE

SUPONG QUY CUA BA PUONG TRUNG TRUC, BA PUONG CAO CUA TAM
GIAC
PHAN I. TOM TAT Li THUYET.
1. Pwong trung truc cua tam giac:

Pinh nghia: Trong mot tam giac, dudng trung truc ctia mdi canh duoc goi 1a duong trung truc
cua tam giac do.
Dinh i 1: Ba dudng trung truc cia tam giac dong quy tai mot diém. Diém d6 cach déu ba dinh

cua tam giac.

Nhén xét: Vi giao diém cua ba dudng trung truc cla tam giac cach déu ba dinh cia tam giac
nén la tdm duong tron di qua ba dinh tam giac do.

Tinh chit: 44BCcantai A, AM 1a dudng trung tuyén thi n6 cling 13 dudng trung tric cua BC
Cu thé:
a) Cho A4BC, (d)la duong trung tryc cua canh BC thi (d)goi la duong trung tryc cia AABC

ung véi canh BC.

b) Trong hinh sau, diém O 1a giao diém cac duong trung truc cia AABC. Ta cd O4=0B =OC.
Piém O 1a tim duong tron ngoai tiép A4BC.

A

¢) 4ABCcantai 4, AM 1a duong trung tuyén thi ciing 1a duong trung truc ctia BC



2. Puwong cao cua tam giac:

Dinh nghia: Poan thing ké tir mot dinh tam giac va vudng goéc véi canh ddi dién goi 1a duong
cao cua tam giac do.

Dinh i 2: Ba duong cao cta tam giac dong quy tai mot diém.
Piém d6 duoc goi la tryc tam cua tam giac.

Cu thé:

a) AH 1a mot duong cao cia AABC < AH | BC

A
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b) Trong hinh v€ 4D, BE,CF 1a cac duong cao, H la tryc tam ciia A4BC.

A

Chuy:
a) AABCla tam giac nhon thi H nam trong tam giéc.

A

]




b) A4BCla tam giac vudng tai 4 thi diém H trung véi diém 4 .

B

A=H ¢
¢) AABCla tam giac ti thi diém H nim ngoai tam giac.
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3. B6 sung:

Tinh chét trong tam gidc cin: A4BC cén tai A, AM 1a duong cao thi né ciing 12 dudng trung

tryc, duong trung tuyén, dudng phan giac.

PHAN II. CAC DANG BAL
BA PUONG TRUNG TRUC
Dang 1. X4c dinh tim dwong tron ngoai tiép tam giac
I. Phwong phap giai:
- Dua vao dinh nghia va su dong quy cuia ba dudng trung truc trong tam gic.

- Sur dung tinh chat giao diém cac dudng trung truc trong tam giac thi cach déu ba dinh cua
tam giac do.



1. Cho A4BC, (d)la duong trung tryc clia canh BC thi (4 )goi la duong trung tryc cia A4BC

ung véi canh BC.

2. Piém O 1a giao diém cac dudng trung truc cia AABC. Ta cd O4=0B=0C. Piém 01a tim
duong tron ngoai tiép A4BC.

I1. Bai toan.
Bai 1. Chon dap an dung. Diém cach déu 3 dinh cta tam giac 1a giao diém cua:
A. 3 duong trung tuyén.
B. 3 duong phan giac.
C. 3 duong trung tryc.
D. 3 duong cao.
Loi giai:
Piém nam trong va cach déu 3 dinh cua tam giac 1a giao diém cua 3 duong trung truc. Chon
dap an C.
Bai 2. Chon dap an dang.
a) Cho A4BC ti, giao diém 3 dudng trung truc ctia tam gidc nam:

A. trong AA4BC.



B. ngoai A4BC.
C. trén 1 canh cua A4BC.
D. trung v6i 1 dinh cua A4BC.
b) Cho A4BC cb6 A=90° thi tim dudng tron ngoai tiép tam giac:
A. nim trong AABC
B. nim ngoai A4BC
C. 13 trung diém cta canh BC
D. trung véi dinh 4 cua A4BC
¢) Cho A4BC nhon, giao diém 3 duong trung truc ciia tam giac nam:
A. trong AABC
B. ngoai A4BC
C. trén mot canh cua AABC
D. trung véi mot dinh ctia AABC
Loi giai:
a) Cho AABC nhon, giao diém 3 duong trung truc cia tam giac nam trong A4BC. Chon dap
an B
b) Cho A4BC c6 A=90"thi tim dudng tron ngoai tiép tam giac 13 trung diém cua canh BC.
Chon dap an C.

¢) Cho A4BC nhon, giao diém 3 dudng trung truc ctia tam gidc nam trong AABC. Chon dap
an A.

Bai 3. Cho 44BC. V& diém O cach déu ba dinh 4, B,C va vé duong tron di qua 3 dinh cua
tam giac trong mdi trudng hop sau:

a, 44BC la tam giac nhon.

b, 44BCvudng tai A4.

c, 44BCla tam giac tu.

Loi giai:
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a, 44BCla tam giac nhon.

b, 4ABCvudng tai 4.



¢, 44BCla tam giac tu.
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Goi duodng tron di qua ba diém 4, B, C c¢6 tim O ta cd O4=0B =OC.
Ba diém phan biét 4, B, C khong thang hang tao thanh tam giac ABC.
Vi 04=0B=0C nén O 1a giao diém ba duong trung truc ctia tam giac ABC.

Vay duong tron di qua ba diém 4,B,C c6 tam O 1a giao cua ba dudng trung tryc cia AABC
va ban kinh bang OA4.

Bai 5. Cho A4BC ¢ A>90°. Cac dudng trung tryc ctia 4B va ctia AC catnhau & O va cit
BCtheo thtrty & D va E.Nb6i 4D, AE,0B,0C . Tim tam giac bang AOAD, bang AOAE.

Loi giai:



OD 1a duodng trung truc cua AB
suyra DA=DB, OA=0B.

Do d6 AOAD = AOBD (c.c.c)

Tuong ty AOAE = AOCE.

Bai 6. Cho A4BC vudng tai 4, duong cao AH . Tia phan giac ctia cac goc BAH va CAH cit
BClanlugt & D va E. Goi O 1a giao diém cac duong phan gidc ciia tam gidc ABC.

a) Chtng minh rang dudng tron tAm O, ban kinh 04 di qua ba diém 4,D,E.
b) Tinh s6 do géc DOE.

Loi giai:
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a) Tacod

BAE = BAC — EAC =90° — EAC (1)

AEB=90" - HAE (2)

Ma EAC = HAE (gt), do do tir (1),(2) suy r BAE = AEB nén AAEB cantai B.

Vi 0O 1a giao diém cac duong phan giac cua tam gidc ABC nén BO la dudng phéan giac cia
tam gidc can ABE, do d6 BO la dudng trung truc cua AE, suy ra OA=OE (3)

Chirng minh twong tu, CO la duong trung truc ciia 4D, suy ra O4=0D (4)

Tir (3) va (4) suyra O4=0D =OE . Diéu nay chimg t6 ba diém 4,E,D nam trén duong tron
tam O, ban kinh 04 hay duong tron tdm O ban kinh 04 di qua 3 diém A4.E,D.



b) Tir (3) suyra AOAE céantai O, nén OAE =OEA. V¢ tia Ox la tia ddi cua tia 04, ta co
EOx=0AE + OEA =2xAE .

Tuong tu, xOD = 2xAD.

Do d6, DOE =2(x4D+ xAE) — 2DAE = 2(DAH + HAE)

'BAH;LHAC _ 2.31;(? ~90".

=2

Vay DOE =90°

Bai 7. Tam giac ABC c¢6 4 1a goc ti. Cac dudng trung truc ctia cac canh 4B va AC cat nhau
& 0. Cac diém B va C co thudc dudng tron tAm O ban kinh 04 hay khong? Vi sao?

Loi giai
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Tir gia thiét suy ra 04=0B=0C. Vay cac diém B va C c6 thudc duong tron tim O ban kinh
OA.

Bai 8. Cho A4BC cb ba gbc nhon, O 1a giao diém hai dudng trung truc cia 4B va AC. Trén
tia d6i cua tia OB ldy diém D sao cho OB=0D.

a) Ching minh O thudc duong trung truc cia AD va CD.
b) Ching minh cac AABD, ACBD vudng.
¢) Biét 4BC =70°. Hay tinh s6 do ADC.

Loi giai

A

B c
a) Vi O 1a giao diém hai dudng trung truc cia AB va AC nén O4A=0B=0C .
Ma OD =0OB nén OD =04 va OD=0C

= O thudc duong trung truc cia AD va CD.



) 180° — 4OB
b) Xét AOABcantai O = OAB=0BA= ———
180°— AOD

Xét AOAD can tai O = OAD =0DA = .

180°—-A40B N 180°—-A40D
2

:180°—AOB+AOD :180°—180 _90°

2 2

= OAB+0AD =

= BAD =90°

= AABD vudng tai A.

Chting minh tuong tw ACBD vuong tai C.

¢) Taco AABD vudng tai A nén ADB =90°- ABD
Taco ABCD vuodng tai C nén BDC =90°-CBD

— ADO+0DC =180° —(ABO+ CBO)

= ADC =180°- 4ABC =180°-70°=110°

Bai 9. Tam gidc ABC c6 ba dudng trung tuyén cit nhau tai O. Biét rang diém O ciing 13 giao
diém cua ba dudng trung truc trong tam giac ABC . Ching minh tam giac 4BC déu.

A4

Loi giai:
Cach 1:
Cho AO cét BC tai F, BO cit ACtai E, CO cat ABtai D .
Suyra D,E.F lan luot 14 trung diém cta 4B, AC,BC.
Vi 0 1a giao diém 3 duong trung truc nén OD L AB tai D, OEL AC tai E, OF LBC tai F .
Suyra AD,BE,CF la 3 dudng trung truc cua AABC.
Vi AD duong trung truc cia AABCnén AB= AC (1)

Vi BE duong trung truc cua AABCnén BA=BC (2)



Tur (1) (2) suyra AB=AC=BC suyra AABC déu.

Cach 2:

Cho 40 cét BC tai F, BO cit ACtai E, CO cat ABtai D.

Suyra D,E.F lan luot 14 trung diém cta 4B, AC,BC.

Vi 0 14 giao diém 3 duong trung truc nén OD 1 AB tai D, OEL AC tai E, OF 1 BC tai F .
Suyra AD,BE,CF 1a 3 dudng trung truc cua AABC.

Xeét AAFBVaAAFC co:

AF chung

AFB = AFC(=90")

BF = CF (vi AF 1a trung truc cua BC)

Do d6 : AdFB =AAFC (c.g.c)

= AB=A4C

Chting minh tuong ty ta dugc: BA=BC

Do d6: AB=AC=BC

Vay A4BCla tam giac déu.

Bai 10. Cho A4BC déu. Trén canh AB,BC,CA léy theo thuo tu ba diém M, N, Psao cho
AM = BN =CP

a. Ching minh AMNP 13 tam giac déu
b. Goi O 1a giao diém cac duong trung truc ctia A4ABC.

Chting minh rang diém O ciing 1a giao diém cac dudng trung truc cia AMNP

Loi giai:

a) AABC d&u nén AB = BC =CA
Ma AM =BN =CP =>BM =CN = AP

Xét AAMP va ABNM c6
AM = BN (gt)

MAP = NBM ( AABC déu)



AP =BM (cmt)
Do d6, AAMP = ABNM (c.g.c)
=> MP = MN (hai canh tuong ung) (1)
Tuong tu: AAMP = ACPN(c.g.c)
Suy ra MP=PN (2)
Tu (1) va (2) ta c6 MP=MN = PN
Vay AMNPIa tam giac déu.
b) Piém O 1a giao diém cac dudng trung truc cla tam gidc déu ABC nén OA=0B=0C dong
thdi 40, BO, COciing lan luot 14 cic tia phan gidc ctia BAC, ABC, ACB.

Xét AMAO va ANBO cO:

AM = BN (gt)

MAO = NBO (: ;BAC = ;ABC\
\ )

OA = OB (cmt)

— AMAO = ANBO(c.g.c) = OM = oN (hai canh tuong {ing)

Tuong tu : AMAO = APCO(c.g.c) =>OM =0P.

Viy OM =ON =0P . Do d6 O 1a giao diém cac duong trung truc ciia AMNP .

Bai 11. Trong mot budi tong vé sinh san trudng, 3 t6 cAn don c6 va rac ciia 3 bon ciy 4, B, C

& 3 goc san truong. Em hiy gitp 3 t6 chon mot vi tri O dé dit chiée xe day rac sao cho vi tri
chiéc xe cach déu 3 bon cay do.

Loi giai:

Vi diém O cach déu ba diém 4, B, C nén O 1a giao clia ba dudng trung truc cua tam giac

ABC hay O 1a tim dudng tron ngoai tiép tam giac ABC .

Pé x4c dinh vi tri diém O ta chi cin x4c dinh giao diém cua hai trong ba dudng trung truc cia
tam giac ABC.

Dang 2. Chirng minh ba dwong thing dong quy, ba diém thang hang
I. Phwong phap giai:

Dua vao dinh li, tinh chat vé dudng trung truc va sy dong quy cta ba dudng trung truc trong
tam giac.



I1. Bai toan.

Bail. Cho A4BC cantai 4. Dungtam gidc BCD cantai D biét D khéac phia voi 4 d6i véi
duong duong thing BC. Goi O 1a giao diém ciia 4B va AC. Ching minh ring 4,0,D thing
hang.

Loi giai:
A
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Suyra 4D la duong trung tryc cia BC.

C

AABC cantai A = AB=AC.
ABCD cantai D = DB=DC.

Xét AABC, theo tinh chit ba duong trung truc trong tam gidc ta co cac duong trung truc ciia
AB va AC ddng quy v6i duong thing 4D, hay 4,0,D thiang hang.

Bai 2. Cho A4BC cintai 4. Goi M 1a trung diém cia BC. Cac duong trung truc ciia AB va
AC citnhau ¢ E .

Chtng minh ba diém 4, E, M thang hang.
Loi giai:

A

Theo gt, M 1a trung diém cua BC

= AM 1a duong trung tuyén ctia tam gic cdn ABC

=AM cling la duong trung truc cua BC (1)

Xét AABC céantai 4 co dudng trung tryc cia 4B va AC citnhau ¢ E

= E thudc duong trung truc ctia BC (theo tinh chat ba dudng trung tryc ctia tam giac) (2)



Tir (1) va (2) suy ra, ba diém A, E, M thang hang.

Bai 3. Cho tam gidc ABC cantai 4. Goi G 1a trong tim, O 1a giao diém ba duong trung trirc
cua tam giac ABC.

a) Tam gidc BOC la tam giac gi?
b) Chitng minh ba diém 4,0,G thang hang?

Loi giai:

A

B C
a) Do O 1a giao diém ba dudng trung truc ciia tam gidc ABC nén ta c6: O4=0B=0C
Suy ra tam giac BOC la tam giac can tai O

b) Do O la giao diém ba duong trung truc cia tam giac ABC nén O thudc dudng trung truc
cua BC (1)

Do G la trong tim nén G thudc dudng trung tuyén cia BC diqua 4 (2)

Ma tam gidc ABC cin tai 4 nén trung tuyén Gng voi canh BC ciing 1a dudng trung truc cua
BC

Suy ra G thudc duong trung truc cua BC (3)
Tir (1), (2) va (3) Suy ra ba diém 4,0,G thiang hang

Bai 4. Cho tam giac ABC cdn & 4. Goi M 1a trung diém ctia BC. Cac duong trung tryc cia
AB, AC citnhau & E . Ching minh ba diém 4, E, M thiang hang.

Loi giai:
A

Chimg minh dugc: AABM =AdCM ®.cc). M €
T do, suy ra AM 1a dudng trung truc ciia BC.

Theo tinh chit ba dudng trung truc clia tam gidc, ta suy ra diém E thudc dudng trung truc ciia
BC.



Vay ba diém 4, E, M thing hang.

Bai 5. Cho tam gidc ABC can tai 4 . Liy diém D sao cho tam gidc BCD cAntai D (D va 4
nam khac phia ddi v6i duong thang BC ). Ching minh cac dudng trung truc ctia 4B va AC
ddng quy véi duong thing 4D

Loi giai:

A

Tir gia thiét, ta c6: 4B =AC,DB=DC.
= AD la duong trung tryc cia BC.

Xét AABC, theo tinh chét ba duong trung truc trong tam giac ta ¢ cac dudng trung truc cia
AB va AC ddng quy voi duong thing AD .

Bai 6. Cho A4BCvudng & A4, D 1a giao diém hai dudng trung truc cta hai canh 4B va AC.
Chung minh B,D,C thang hang.

Loi giai:
B
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Goi 7 1a trung diém ctia 4B, K 1a trung diém AC tacd DI L AB va DK 1 AC.
Xét ADAK vaADCK co:

DK canh chung
DKA = DKC (= 90°)
AK = CK (hinh v¢)
= ADAK =ADCK (c.g.c)
=D, =D,
CMtuongtu: Dy=D,

Talaico D> =90°-DAK (hai goc phu nhau)



D3 =90°-DAI (hai géc phu nhau)
= D, +D;=180°—( DAI + DAK ) =180°~90°=90°
= D +D,+D,+D, = 2(D2 +D3)= 2.90°=180°

= BCD= 180°
= B,D,C théng hang.

Bai 7. Cho tam gidc ABC cantai 4. M la trung diém cta BC.Ké ME vudng goc AB tai
E, MF vudng goc voi AC tai F .

a) Chuing minh rang AM 1a duong trung truc ctia EF ?

b) K¢ duong thing d vudng goc 4B tai B, ké duong thing d’ vudng goc voi AC tai C, hai
duong thing d va d’ giao nhau giao tai D . Ching minh rang ba diém 4,M,D thang hang?

Loi giai:
A
E H F
D

a) Goi H 1a giao diém ctia AM va EF
Xét tam giac ABC cantai 4.
M 1a trung diém BC = AM 1 trung tuyén Gng véi BC
= AM la dudng trung truc, cling la duong phan giac cua goc 4
= AE=AFva EAH = FAH
Xét hai tam giac EAH va FAH , co:
AE = AF (cmt)
AH 1a canh chung
EAH = FAH (cmt)
Suy ra AEAH = AFAH (c.g.c)
= HE = HF (2 canh tuong ting) (1) va AHE = AHF (2 goc tuong Gng)
Ma AHE + AHF =180° (hai goc ké bu) AHE = AHF =90° (2)

Tu (1) va (2) suy ra AH 1a dudng trung truc ciia EF



Hay AM la dudng trung tryc cua EF (dpcm)

b) Xét hai tam gidc vuong ABD va ACD

AD 1a canh chung.

BAD = CAD ( AM 1a phan giac cuia goc A4 )

Suy ra AABD = AACD (canh huyén — goc nhon)

Suy ra DB =DC (2 canh tuong Ung)

Suy ra D nam trén dudng trung truc AM cua BC

Suy ra ba diém 4,M,D thing hang (dpcm)

Bai 8. Cho tam giac nhon ABC. Goi H,G,O theo thtr ty 1a tryc tam, trong tam, giao diém ba

duong trung truc cla tam giac. Tia AG cat BC& M . Goi I 1a trung diém cia  GA,K 1a trung
diém ciia GH . Ching minh:

@) oM =1 am
2

b) AIGK = AMGO
¢) Ba diém H,G,0 thang hang

d) GH =2GO

a) Trén tia dbi cua tia OC 1y diém N sao cho O 1a trung diém cia NC.

1

Ta c6:OM//BN va OMZEBN-

Vi OM//AH (cung vudng goc voi BC) nén AH//NB
Chting minh tuong tu NA//BH .

AANB = ABHA (c.g.c) do d6 AH = NB

Ma OM = " BN vithé oM = 4l .

2 2



b) Tam gidc AGH c6 I 1a trung diém ctia GA,K 1a trung diém cta GH nén IK//AH va
1
IK = EAH Suyra IK//OM va IK =OM .

Vi G 1a trong tam cua tam gidc ABC nén GM = l_GA ,do do GM =GI
2

= AIKG = AMGO (c.g.c).

¢) Vi AIKG = AMGO (theo phan b) nén IKG = MGO ma

IGK+ KGM =180° do d6 KGM + MGO =180°
Vaybadiém K,G,O thing hang, suy ra ba diém H,G,0 thang hang.
d) AIGK = AMGO nén GO=GK ma HG=2GK dodd HG=2GO.

Chii y: Puong thang di qua ba diém H,G,0 dugc goi 1a dudng thang Ole

Bai 9. Cho tam gidc ABC can & A4, duong phan gidc AK . Cac dudng trung truc ciia 4B va
AC cat nhau tai 0.Kéo dai CO cat AB & D, kéo dai BO cit AC & E.

a) Chtng minh ba diém 4,K,0 thing hang.
b) Chiing minh 4K va cac duong trung truc ciia 4D va AE dong quy.
Loi giai:

A

B K C
1
a) Taco: AD= EAB (CD la trung truc cua 4B)

1
AE:EAC ( BE 1a trung truc ctia AC)

Ma AB = AC (tam gidc ABC can & A)

= AD=AFE

Xét hai tam giac vudng ADO va AEO c¢b: AD = AE (cmt); AO: canh huyén chung
— AADO = AAEO (canh huyén — canh gbéc vudng).

Suyra DAO = EAO (hai gbéc tuong Grng)

= A0 la duong phan giac cua BAC .

Vay ba diém 4,K,0 thang hang.



b) Tacé: AD = AE (chémg minh phana) (1).
Mit khéac, c6 AdDO=AAEO (chimg minh phdn a) OD=0OE (hai canh twong ung) (2).
Tu (1) va (2) suy ra 40 la duodng trung truc cia DE , hay AK la dudng trung truc cia DE .

Xét AADE , theo tinh chat ba duong trung truc cia tam giac, ta c6 AK va cac duong trung truc
ciia AD va AE dong quy.

Dang 3. Véan dung tinh chit ba dwdng trung trwe trong tam giac dé giai quyét cac bai
toan khac

I. Phwong phap giai:
Dua vao tinh chét vé dudng trung truc va su dong quy cua ba dudng trung trirc trong tam giéc.

1. Piém M ndm trén duong trung truc cua mot doan th'flng thi cach déu hai ddu mut cua doan
thang do:

2. 4ABCcan tai A, AM 13 dudng trung tuyén thi ciing 1a dudng trung truc clia BC

A

I1. Bai toan.

Bai 1. Cho A4BC cantai 4, dudng trung tuyén AM . Pudng trung truc ciia AC cit dudng
thang AM tai D.Chtng minh ring DA= DB

Loi giai:




Cach 1:

Ta cOAABC can & A nén trung tuyén AM ciing 1 duong trung truc cta BC.
Vi D thudc duong trung truc cua AC nén DA =DC  (1).

Vi D thude duong trung truc cia BC nén DB = DC  (2).

Tu (1),(2) suyra DA=DB.

Cach 2:

AABC can tai 4 ¢6 AM 1a duong trung tuyén cua canh ddy BC nén AM ciing 1a dudng trung
truc cua BC.

Ta lai c6 duong trung truc cia AC cat AM tai D
— D14 giao diém cua hai duong trung truc cua canh BCva AC
= D thudc duong trung truc ciia 4B .
Vay DA=DB.
Bai 2. Cho tam giic cin ABC c¢6 AB= AC. Hai duong trung tryc cua hai canh  4B; AC cit
nhau tai O. Ching minh: 40B=A0C.
Loi giai:
Vi diém O 1a giao diém cac dudng trung truc cia AABC nén O thudc dudng trung truc cia
BC.
AABC cantai A = AB=AC = A thudc dudng trung tryc cia BC.

Do d6 40 la dudng trung truc ciia BC.

B C

AABCcan tai 4 nén duong trung truc 40 dong thoi 1a duong phén giac cua A
Xét AAOB va AAOC c0:

04 chung

AB=AC (AABCcan tai A)

OAB = OAC ( AO la tia phan giac cua BAC)
Do dd, AAOB =AA0C (c.g.c) = AOB = AOC (hai goc tuong tng)

Bai 3. Cho A4BC, M 1atrung diém ctia BC. Cac duong trung truc cia AB va AC cat nhau
tai 0. Tinh s6 do goc OMB.

Loi giai:



B T M Ll C

Tur gia thiét suy ra O thudc duong trung tryc ciia BC.
= OM la duong trung truc cua BC.
= OMB =90°.

Bai 4. Cho A4BC c6 gbc A=110°. Puong trung truc cia cac canh 4B va AC cat nhau tai 7.

a) Ching minh ABIC can.
b) Chimg minh BIC =2(180°- BAC) va tinh s6 do géc BIC.
Loi giai:

A

1
a) Tir gia thiét suy ra 7 thudc dudng trung truc cia BC

= IB=1IC = ABIC can.

b) C6 BIA=180°-242; AIC =180°—24;.
= BIC=BIA+ AIC =180°—-24, +180°—-24, :2(180°—BAC).

Tur @6, suy ra BIC =140°.

Bai 5. Cho AABC c¢6 A=60°. Cic dudng trung truc cua canh 4B va AC lan luot cit BC 6 E
va F . Tinh EAF.

Loi giai:



Trude hét, do £ nam trén dudng trung tryc cia AB nén AEAB cin & E = BAE = ABE .
Tuong tu, tacd AFAC can 0 F = FAC=FCA.Tacd BCA=FCA=FAB+ BAC

= FAB=BCA-BAC

Khi d6 EAF = BAE + FAB = ABC + BCA— BAC = EAF =180°—2BAC =180°-120° = 60°.

Bii 6. Cho A4BC cantai 4.Dudng trung tuyén AM cat duong trung tryc ciia AC tai K .
Chung minh rang K4 = KB =KC.
Loi giai

A

AABC cén tai 4 nén dudng trung tuyén AM ciing 1a duong trung truc.

K 14 giao diém cac duong trung truc cia BC,AC nén KA=KB=KC. .

Bai7.Cho A4BC cintai 4, 4>90°. Cac duong trung truc ctia AB va clia AC cit nhau tai O
va cat BC tai D va E.Chirng minh rang:

a) 04 la duong trung truc cua BC.

b) BC=CE.

¢) AODE latam giac can.

Loi giai:




0 1a giao diém cac dudng trung truc ciia AABC = OB = OC.
AABC cantai A = AB= AC.

Vay 40 la dudng trung truc cua BC.

b) Goi H la trung diém cua 4B,K 1a trung diém cua AC.

AHBD = AKCE(g.c.g) = BD =CE.

¢) AHBD = AKCE = HBD = KEC

= ODE = OED = AODE céan tai O.

Bai 8. Chirng minh rang cic dudng trung truc ciia tam giac vudng cit nhau tai trung diém cila
canh huyén.

Loi giai:

Xét AABC vuong tai A.

Vé dudng trung truc d; cia canh AB, cit 4B tai L. vé duong trung truc d» cia canh AC, cit
ACtaiH

Giasir di va d, catnhau tai O. Ta cd 04=08,do 40 AOAI =AOBI (c.g.c)

Nén O,=0,. Tuong tu O, =0,.
Ta co OI//AC ma OH 1 AC nén IOH =90°.
Do d6 0,+0,+0,+0,=2(0,+0 ) =2I0H =150".

Vay ba diém B,0,C thiang hang.
Mait khac, OB=0C nén O thudc dudng trung tryc ciia BC.
Vay cac duong trung truc ctia tam gidc vudng cat nhau tai trung diém cua canh huyén.

Bai 9. Cho tam giac déu 4BC . Goi D va E 1a hai diém lan luot trén hai canh 4B va AC sao
cho BD = AE . Ching minh rang cac dudng trung tryc cua doan thang DE ludn di qua mot
diém c6 dinh khi D va E di chuyén trén cac canh AB va AC.

Loi giai:



Ta nhan thiy rang:
Néu D tring véi B thi E tring v6i 4, dudng trung truc ciia DE 1 dudng trung truc ciia AB .

Néu D tring v6i 4 thi E tring v6i C, duong trung tryc cua DE 1a dudng trung truc cia AC

Do d0, ta v€ cac duong trung truc cia 4B va canh AC, chung ta cit nhau tai 0.

Ta s& chung to rang dudng trung truc cua DE di qua O bang cach chirng minh OD = OE.
Goi Hva I theo tht tu 13 trung diém ciua 4B va AC.

Tir d6 suy ra HD = IE 10isuyra AOHD =AOIE (c.g.c) & c6 OD = OE.

Hoic ching minh OAE = OBD r1di suy ra AOAE = AOBD (c.g.c) dé c6 OD =OE.

Bai 10. Cho A4BC, AC> AB. Hai diém D va E theo thr tu di chuyén trén cac canh AB va
AC sao cho BD = CE . Chiing minh rang cac duong trung truc cia DE ludn di qua mot diém
c6 dinh.

Trén canh AC ldy diém G v&i CG=A4B thi diém G cb dinh.
Ta nhan thiy rang:
Khi D trung vé1 B thi E trung véi C, duong trung truc cua DE 1a dudng trung truc cia BC.

Khi D trung v6i1 4 thi E trung voi G, duong trung tryc cua DE la dudng trung truc ciia 4G

V& duodng trung truc cia BC va AG chung cit nhau tai 7 thi 7 13 diém c6 dinh.



Vi vy néu cac dudng trung truc cua DE di qua mot diém cb dinh thi diém cb dinh d6 phai 1a
diém 1 néi trén.

That vay, I thudc cac duong trung truc cua BC va AG nén [B=1IC,I4=1G.

AIAB=AIGC (c.c.c),nén ID=IE.

Piéu nay chimg t6 rang duong trung tryc cia DE ludn di qua diém 7 ¢6 dinh.

CHUYEN DE :BA DPUONG CAO
Dang 1. Xdc dinh trye tim cia mt tam giac
I. Phuong phap giai:
- Pé xac dinh truc tAm ctia mot tam giac, ta can tim giao diém hai dudng cao ciia tam giac do

- Dya vao dinh nghia, dinh li va nhan xét, tinh chit vé duong cao va su déng quy cua ba duong
cao trong tam giac.

1. AH 1a mgt duong cao cua AABC < AH 1 BC

A

BT g c
2. Trong hinh v€ 4D, BE,CF 1a cac dudng cao, H la tryc tdm cua A4BC.

A

Chuy:
a) AABC 1a tam giac nhon thi H nim trong tam giac.

A




b) A4BC 13 tam giac vuong tai 4 thi diém H trang voi diém 4 .

B

A=H ¢
¢) AABCla tam giac ti thi diém H nim ngoai tam giac.
H
N

N
I
]
]
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I
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I
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I1. Bai toan.

Bai 1. Cho A4BCcod ABC =90°, 4H 1 BC.Em chon phat biéu dung:
A. H latryctam ciia AABC
B. 4 latryc tim cua A4ABC
C. B latryc tam cua AABC
D. C latruc tam cia A4ABC
Loi giai:
Vi AABCcd ABC =90"nén AABCla tam giac vudng tai B = B la tryc tdm cua A4BC.
Dap an dung 1a C.
Bai 2. Cho A4BC, hai duong cao AM va BN cét nhau tai A . Em chon phat biéu dung:

A. Hlatrong tam cua A4ABC.

2
B. HA=_AM v} HB:EBN

3 3
C. Hlatryc tim cua A4BC; CH la dudng cao cua A4BC.
D. CH la dudng trung truc cua AABC.
Loi giai:
AABC , hai duong cao AM va BN cét nhau tai H = CH 1a duong cao cia AABC = H 14 truc
tam cua A4BC.



bép an dung 1a C.
Bai 3. Cho A4BC cantai 4 c6 AM L BC tai M . Chon phat biéu ding:
A. AM 13 dudng trung tuyén ciia AABC

B. AM la duong trung truc cua BC.

C. AM la dudng phan giac cua BAC .
D. Ca A, B, C déu dung.
Loi giai:
Vi AABC cin tai 4 c¢6 AM 1L BCnén AM 1a dudng cao = AM ciing 1a duong trung tuyén,
duong trung truc va duong phan giac cia A4BC.
Chon dap an D

Bai 4. Cho AABC vuodng tai 4. Liy H thudc 4B, vé HELBCG& E. Tia EH cit tia C4 tai
D . Khi do

A. H latrong tm ctia ABCD.
B. H la truc tam cta ABCD.
C. H la giao ba duong trung tryc cia ABCD.

D. H la giao ba duong phan gidc cia ABCD.

Loi giai:
A
H
i
B - c

Trong ABCD c0:

BA1CDtai A (do AABCvudngtai 4) = BA la mot dudong cao cuia ABCD
DE 1 BCtai E (do HE 1 BC) = DE la mot dudng cao cia ABCD

Ma DE giao BA tai H

Do d6 H la giao diém cua hai duong cao trong ABCD

Suyra H la giao diém ctia ba dudng cao trong ABCD

Vay H la tryc tam cua ABCD.

Chon dap an B

Bai 5. Cho tam gidc AABC vuongtai A4, duong cao AH . Tim tryc tdm cua cac giac A4ABC,
AAHB, AAHC .



Loi giai:

B = C
H

Tam gidc AABC c6 hai duong cao la B4 va AH . Tu d6 suy ra truc tdm cua tam gidc A4BCla
A. Chimg minh twong ty ta c6 truc tAm cua tam giac AAHB , AAHC déu la diém H.

Nhdn xét: Truc tdm cua tam giac vuong la dinh goc vuong cua tam gidc.

Bai 6. Cho A 1a tryc tam cua tam giac 4BC khong vudng. Tim truc tdm cua céc tam giac
HBC,HAB,HAC

Loi gii

B K C
Goi cac duong cao tam giac la AK, BE,CF . Ta c6:
AHBC c¢6 hai duong cao la HK, BF . Tu do6 suy ra truc tam cua tam gidc AHBCla A.

Chung minh tuong tu ta dugc truc tdm cua tam giac AHAB, AHAC lan luot 1a Cva B.

Bai 7. Cho AABC ¢ A=70", 4B < AC, duong phan gidc goc 4 cat BC tai D, BF 1 AC tai
F, Hla giao diém ctia BF va 4D, E thudc AC sao cho AE = 4B.

a) Xac dinh truc tdm cia A4BE .

b) Tinh s6 do DHF .

Loi gidi
B
D
I
H,
]
A i3 - C

a) Goi AD giao BE tai [
Xét AABE c6 AE = AB(gt)



= AABE cantai 4.

Lai c6: 4D la tia phan giac goc 4 cua AABC(gt)

= AI | BE (tinh chit ctia tam giac can)

Mit khac: BF L AE va AD giao BE tai H nén H 1a tryc tAm ciia  AABE (tinh chét 3 duong cao
trong tam giac).

b) Ta c6: AD la tia phan gidc cia BAC (gt)

= HAF = %BAC =350

Vi AAHF vuodng tai F nén:
AHF =90° — HAF =90° —35° =55°
Vi DHF va AHF 1a 2 gbc ké bu nén:

DHF =180° — AHF =180° —55° =125°

Dang 2. Sir dung tinh chit trwe tAm ciia tam gidc dé chirng minh hai dwong thing vudng
goc, ba dwong thang dong quy

I. Phwong phap giai:

Néu H 1a giao diém hai dudng cao ké tir B va C cua tam gidc ABC thi AH 1 BC.
Néu ba duong thang 1 ba duong cao cia mot tam giac thi chung cung di qua mot diém.
I1. Bai toan.

Bai 1. Cho A4BC cintai 4, duong cao BE cit duong trung tuyén AD ¢ H . Ching minh CH
tao voi 4B mdt goc 90°.

Loi giai

X6t AABC cantai A4 c6: AD 1a duong trung tuyén (gt) = AD ciing 1a duong trung cao.
Lai c6 BE la duong cao ma BE cat AD tai H

= H la tryc tam cua AABC

= CH 1 AB hay CH tao v6i AB mot goc 90°.

Bai 2. Cho tam gidc A4BC can tai 4. dudng cao CH cit tia phan gidc ctia goc Atai D.
Chung minh rang BD L AC .



Loi giai

= D

Kéo dai ADcét BCtai E .

Tur gia thiét suy ra 4E L BC. Do d6 D 1a tryc tAm cia tam giac A4BC.Vay BD L AC.

Bai 3. Cho AMNP vudng tai M . Trén canh MN lay diém O, ké OR L NP(ReNP).Goi O la
giao diém cia cac dudng thang PM va RQ. Ching minh PO L ON .

Loi giai:

Tacoé: NM L PQ, OR L PN
Ma NM giao OR tai Q = Q la truc tdm cua APON = PQ L ON .

Bai 4. Cho tam gidc ABC cintai 4.LAy diém D sao cho 4 14 trung diém cua BD.K¢é duong
cao AE cia tam giac ABC, duong cao AF cia tam giac ACD. Chung minh rang AE | AF.

Loi giai:
v [
A ot f
& ul
B E C

Xét tam giac can ABC co AE 1a
phan gidc cua BAC hay BAE = EAC .

duong cao, suy ra AE cling 1a duong

Tuong tu trong tam gidc can ACD ta c6 CAF = FAD . Tu d6 ta duoc



EAF = EAC+CAF =l(BAC+ CAD) =90°
2

hay AE L AF.
Bai 5. Cho tam giac MNP c6 ba goc nhon, cac duong cao NO, PR cit nhau tai S ..

a) Ching minh MS 1 NP .

b) Cho MNP = 65°. Tinh SMR .

Loi giai:
M
Q
R
5
N H P

a) Vi Sla truc tam AMNP, do d6 MS L NP .
b) Goi H 1a giao diém cua MS voi NP.
Chuy AMHN vuong, tir d6 tinh dugc SMR =25°

Bai 6. Cho tam giac 4BC vudng tai 4, ké duong cao AH . Liy diém K thudc doan thing
HC . Qua K ké duong thing song song véi 4B, cit AH tai D.Ching minh AK 1 CD.

Loi giai:

B D

Vi 4B 1 AC,do dd DK 1 AC.
Béi vay K la truc tdim AADC, suy ra AK L CD.

Bai 7. Cho tam gidc ABC vudng can tai B. Trén canh 4B 14y diém H.Trén tia d6i cta tia BC
liy diém D sao cho BH = BD. Chimg minh

a) DH 1 AC. b) CH L AD.

Loi giai: D




a) Kéo dai DH cit AC tai M .
Do BH =BD va DBA=90" nén tam giac DBH vudng can tai B.
Suy ra MDC =C =45°= MDC+C =90°= MDC =90° = DH 1 AC

b) AADC c6 hai dudng cao 4Bva DM cat nhau tai H nén H 13 truc tim ciia tam giac d6. Do
vay, CH 1 AD.

Bai 8. Cho tam gidc MNP vudng tai M (MP<MN). Trén canh MN lay diém Q sao cho
MQ = MP, trén tia d6i cua tia MP 1iy diém R sao cho MR =MN . Chimg minh:

a) PO L NR.
b) RO L NP.
Loi giai:
N
<
4
R M P

a) Goi §1a giao diém ctia PQ va NR. Tinh duoc SPR=SRP=45° tir 40 PO L NR.
b) Tu két qua y a, ta co O 1a truc tim APNR = RQ L NP

Bai 9. Cho tam gidc 4BC vuong tai 4, ké dudng phan giac BM . Trén canh BC lay diém D
sao cho BD = BA.

a) Chung minh BM L AD.
b) Goi H 13 hinh chiéu vudng goc ctia D trén AC,K 13 hinh chiéu vuéng goc cia 4 trén DM .
Chimng minh ba dudng thing AK, BM,DH ddng quy.

Loi giai:
B
D
A M H 5
K

a) Chu y tam giac 4BD can tai B nén BM la duong phan giac cling la duong cao, tu do
BM 1 AD.



b) Chuy AK,BM,DH la ba dudng cao cia AAMD .

Bai 10. Poan thing 4B va diém M nam giita 4 va B(MA< MB). V& tia d6 1iy hai diém Cva
D sao cho MA=MC,MD=MB. Tia ACvudng cit BD tai E. Chiing minh:

a) AE L BD

b) Cla tryc tdm cua tam giac ABD

Loi giai:
I
D
L
.
C
-
A M B

a) Do tia ACcat BD tai Enén hai diém C va D nim cung phia v6i 4B.

Do MA=MC va AMC =90"nén tam giac AMC vudng can tai M.Tuong ty ta cO ABMD
vudng cantai M.

Tt d6 suy ra EDC = DCE =45" = CED =90° = AC 1 BD.

b) Trong tam gidc ABD , hai dudng cao AE va DM cit nhau nén C 13 tryc tim cla tam gidc
ABD.

Bai 11. Cho goc nhon xOy. Trén tia Ox ldy diém 4, trén tia Oy lay diém B sao cho
04=0B. K& AC 1 Oy,BD 1 Ox(C €Ox,D e0Oy). Pudng thing vudng goc voi Ox tai 4 va
duong thang vudng goc v6i Oy tai B cit nhau tai M . Ching minh: OM, AC, BD ddng quy.

Loi giai:
y

B

0 D A x
Xét hai tam gidc vudong AAOM va ABOM cb:

OM 1a canh chung.
04 =0B (gia thiét)

Suyra AAOM =ABOM (canh huyén - canh goc vudng). Do 46, AOM = BOM.



Vay OM la tia phan giac cua tam gidc cdn A4OB. Suy ra OM la dudng cao hay OM | 4B.
Xét trong tam gidc AOB c6 ba dudng cao OM, AC,BD do &6 OM, AC,BD ddng quy.

Bai 12. Cho tam gidc ABC vudng tai 4 c6 BD la dudng phan giac. Trén canh BClay diém E
sao cho BA=BE. V& CH L DB. Ching minh raing BA, DE,CH ddng quy.

Loi giai:

I

Goi 1 1a giao diém cta CH va 4B. Tacd D 1a truc tAm cila tam giac /BCsuyra ID L BC (1)
Xeét ABAD va ABED c6:

AB = AE (gt);

ABD = EBD ( BD la duong phan giac)

BD: canh chung

= ABAD =ABED (c.g.c)

= BED = BAD =90° (hai goc twong ung)

— DE 1 BC (2)

Tir (1) va (2) suy ra I,D, E thang hang hay BA, DE,CH dong quy.



Dang 3. Van dung tinh chit ba dwong cao trong tam giac dé giai quyét cac bai toan khac
I. Phwong phap giai:

Dua vao dinh li, tinh chit vé su ddng quy cia ba duong cao trong tam giac.

I1. Bai toan.

Bai 1. Cho A4BC déu. Ba duong cao AM,BN,CP cét nhau tai O. Ching minh rang:

a) 0OA=0B=0C

b) O latrong tdm cia AABC
¢) AM =BN =CP

Loi giai:

-
B IY; C

a) Vi AABC déunén AABC can & ca 3 dinh nén ba duong cao 4AM,BN,CP déng thot 1a ba
duong trung truc, ba dudng trung tuyén cua tam giac.
Vi AM,BN,CP la ba dudng trung truc nén O4=0B=0C (1)

b) Vi AM,BN,CP 1a ba dudng trung tuyén nén O 14 trong tim cia A4BC

2 2 2
¢) Vi O la trong tAm ciia A4ABC Suy 1a 04 25 AM 0B :g BN,0C = ECP (2)
Tu (1) (2)suy ra AM = BN =CP

Bai 2. Chirng minh rang mot tam giac c6 hai dudng cao (xuét phat tir cac dinh ctia hai goc
nhon) bang nhau thi tam giac d6 1a tam giac can.

Loi gii

A

B C

Xét AABC c6 hai duong cao BE,CF va BE =CF
Xét hai tam giac vudong ACBF va ACBE cb:

BC 1a canh chung.

BE = CF (gia thiét)



Suyra ACBF =ACBE (canh huyén - canh goc vudng).
Twr d6 suy ra CBF = BCE . Hay AABC cantai A.

Bai 3. Ching minh rang mot tam giac c¢6 ba dudng cao bang nhau thi tam giac d6 14 tam giac
déu.

Loi gidi

B H =l
Xét tam giac AABC c6 hai duong cao AH,BE,CF va AH = BE =CF
Xét hai tam gidc vuong ACBF va ACBE co

BC 1a canh chung.
BE = CF (gia thiét)

Suyra ACBF =ACBE (canh huyén — canh géc vudng).

Suy ra CBF = BCE (1)
Xét hai tam gidc vudng AABH va ABAE cO

AB 1a canh chung.
AH = BE (gi4 thiét).

Suyra AABH =ABAE (canh huyén — canh goc vudng).

Suy ra ABH = BAE (hai canh tuong ing) (2)

Tu (1) (2) suy ra CBF = BCE = BAE

Vay AABCc6 ba goc bang nhau nén A4BC 1a tam giac déu.

Bai 4. Cho A4BC vudng tai 4, ké dudng cao AH va trung tuyén AM . Ching minh tryc tAm
cia AABC,AMAB va AMAC thang hang.

Loi giai
4
L
B M C

Vi A4H 1a dudng cao ciia A4BCnén truc tim ciia A4BC thudc duong thang 4H (1)

Co6: AH 1a dudng cao cua AABC



= AH 1 BC= AH | BM,AH 1 CM
Xét AdBM ¢c6 AH L BM

=Tryc tim clia A4BM thudc duong thang AH (2)

Xeét AACM ¢c6 AH L CM
—Tryc tim cia AACM thudc duong thang 4H (3)
Tir (1);(2)5(3) = Truc tm cla AABC; AABM; AACM thing hang
Bai 5. Cho tam gidc ABCvudng tai 4. Pudng cao AH. Lay I 13 trung diém ctia AC.
a) Chtng minh 7 1 giao diém cua 3 dudng trung truc AAHC
b) Goi K va D lan luot 1a trung diém cua AH va HC. Chimg minh KD// AC.
¢) Ching minh BK L 4D.

Loi gidi
a) Ta co HI 1a dudng trung tuyén tmg véi canh huyén

AC A

AC ctia tam giac vudng AHC nén IH = A=1C= ER

. Do @6, I 1a giao diém cua ba dudng trung truc ciia K I
AAHC.

b) Do I 1a giao diém cua ba dudng trung truc cla ] ¥
AAHC nén ID L HC,suy ra ID//AH . Tuong tu ta co
IK /I HC.

Tur d6 ta ching minh dugc AIHK = AIDC (c.g.c). Suy
ra KH =1ID,KI = HD.

Ta chirng minh dugc AKHD =AIDC (c.g.c). Suy ra
KDH =ICD, do d6 KD// AC.

¢) Do KD//AC nén KD 1 AB. Trong AABD , hai
duong cao KDva AH cit nhau tai K nén K 1a tryc tAm cta tam giac. Do d6 BK 1 AD.

Bai 6. Cho tam 4BCcan tai A, hai duong cao BD va CE cit nhau tai [((De AC,E e AB). Tia
AI cit BCtai M. Chirg minh

a) M 1a trung diém cua BC.
b) Tam giac MED la tam giac can.

Loi giai 4

B M C




a) Hai duong cao BC va CE cét nhau tai I nén / 13 tryc tAm cua tam gidc AABC. Do d6
Al 1 BC.

Hon nita, do tam gidc 4BC can tai 4 nén dudng cao A/ ciing ddng thoi 1a duong trung tuyén.
Do d6, M 1a trung diém cta BC.

b) Trong tam giac vuéng BEC, do EM la duong trung tuyén ung v6i canh huyén BCnén

1 1 .
EM = EBC . Twong tu, DM = EBC- Do dé Enr = pM, suyra AMED 1a tam gidc cn tai M.

Bai 7. Cho tam gidc ABC cén tai 4, duong trung tuyén AM va dudng phan gidc BD cit nhau
tai K. Goi E 1a giao diém ctia CK va AB.Chiig minh BD = CE.

Loi giai
AABC cin tai 4 nén dudng trung tuyén AM ciing dong
thoit 1a dudong phan giac. A
Hai duong phan gidc AM va BD cat nhau tai K . Do do,
CK la dudng phan giac tht ba cua tam gidc A4ABC.
AABC cantai A nén B=C.

. 1
Ma DBC = EB ( BD 1a duong phan gi4c)

1 ;
ECB= EC (CK 1a dudng phan giéc) ? " (

= DBC=ECB
Xét hai tam gidc ABDC va AECB c¢6
DBC = ECB (chung minh trén)
BC': canh chung
EBC =DCB (AABC cantai 4)
Suy ra ABDC =AECB (g.c.g)
Do do, BD =CE (hai canh tuong ung)
Bai 8. Cho tam gidc ABC. Hai dudng cao AH,BK cit nhau tai .
a) Chirng minh rang CI L 4B.

b) Khi ACH =50°, hay tinh cac gbc BIH,HIK.



Loi giai

a) Ta co 1 13 tryc tAm cua tam giac chat dong quy cta ba dudng cao, suy ra CI L AB.
b) Vi tam giac BKC vuong tai K nén KBC =90°— ACB = 40°.
Ma tam giac BIH vudng tai H nén
BIH =90°—- KBC = BIH =40°.
Vi hai géc HIK va BIH ké bunén ta HIK =180°— BIH.
Tu d6 tinh dugec HIK =140°.

Bai 9. Cho tam gidc 4BC cin tai 4.Hai dudng cao xuét phat tir dinh B va dinh C cit nhau tai
M. Biét gdc BMC =120°, tinh cc goc ciia tam giac ABC.

Loi gii

Goi E,F lan luot 1a chan duong cao ha tr dinh B,C cua tam giac 4BC.Ta c6 BMC =120°
nén goc CME =60°.
Vi tam gidc CME vudng tai £ nén MCA+CME =90°.

Mat khac tam giac AFC vuodng tai F nénta c6 BAC+ ACF =90°. Suy ra BAC = CME =60°.



Vi tam gidc ABC cantai 4 nén ABC = ACB =60°.

Bai 10. Cho tam gidc ABCcén tai A4, M la trung diém cua B,C. Goi H va K lan luot 1a chan
cac dudng vudng goc ké tir M dén 4Bva AC. Chimg minh MH = MK.

Loi giai

M

Tam gidc ABCcAntai 4 nén AM ddng thoi 1a dudng trung tuyén va duong phan giac.

Laico MH L AB,MK 1 AC nén theo tinh chit dudng phan giac cia mot goc, c6 MH = MK.

Phin III. BAI TAP TU LUYEN
BA PUONG TRUNG TRUC
Dang 1. X4c dinh tim dwong tron ngoai tiép tam giac

Bai 1. Cho A 4BC cantai 4, duong trung tuyén AM . Pudng trung truc ciia 4B cat AM & O
. Chirng minh rang diém O cach déu ba dinh ctia A4BC

Bai 2. Cho A ABCcantaid, O 1a giao diém cua ba dudng trung truc. Ly diém D trén canh
AB , diém E trén canh sao cho 4D =CE . Ching minh rang

a) OA=0B=0C.

b) Piém O nim trén duong trung truc ctia DE .

Bai 3. Nha ban Nam c6 mdt manh vuon nho trong hoa va c6 nhat. B6 ciia ban Nam nhd Nam
chon vj tri dé dat voi xoay phun tudi cay tu dong sao cho vi tri do cach déu ba khom hoa ¢ ba
gdc vuon nhung Nam lai chua biét tim nhu thé ndo. Cac em hiy gitip ban Nam giai quyét van
dé nay nhé.

Bai 4. Ong Hung c6 ba cira hang 4, B, C khong nim trén mot duong thing va dang mudn tim
dja diém O dé 1am kho hang. Phai chon vi tri cua kho hang ¢ dau dé khoang cach tir kho dén
cac cira hang bang nhau?

Dang 2. Chirng minh ba dwong thing dong quy, ba diém thing hang



Bai 5. Cho tam giac 4BC can & A, duong phan giac 4K. Céc duong trung truc cua 4B va
AC cat nhau tai O.

a) Chung minh rang ba diém 4, K, O thang hang.

b) Kéo dai CO cit AB & D, kéo dai BO cit AC & E. Chimg minh ring AK va cac duong
trung truc ciia AD va AE dong quy.

Bai 6. Cho xOy=90"va diém P niam trong goc do. Trén mit phang d6 lay diém 4 sao cho
Ox 14 dudng trung truc cua doan thang P4 va diém B sao cho Oy 1a duong trung truc cia
doan thang PB.

a) Chuing minh ba diém O, 4, B thing hang.
b) Chimg minh O 13 giao diém cua ba dudng trung truc ciia A4ABP tir 46 suy ra A4BP vudng.

Bai 7. Cho tam gidc MNP can & M , duong cao MH . Cac duong trung truc cia MN va MP
cit nhau & D . Ching minh ba diém M, D, H thang hang.

Bai 8. Cho tam giac ABC can c6 4 1a goc ti. Goi M 1a trung diém cia BC. N nim trong
tam giac ABC sao cho tam gidc BNC can tai N . Chimg minh dudng thing AM va cac duong
trung truc cia NB, NC ddng quy.

Dang 3. Van dung tinh chit ba dwong trung trwc trong tam giac dé giai quyét cac bai
toan khac

Bai 9. Cho A4BC c¢b A=110°. Cac dudng trung truc cia canh AB va AC lan lugt cit BC &
Eva F . Tinh EAF.

Bai 10. Cho A4BC cantai 4, 4>90°. Cac duong trung truc cua 4B va cia AC cit nhau tai
O vacat BC tai D va E.

Chtng minh rang:

a) 04 la duong trung truc cua BC.
b) BD=CE.

¢) AODE la tam giac can.

Bai 11. Cho M 1a giao diém 3 dudng trung truc cia tam gidc ABC. Chimg minh ring néu
M nam trén mot canh cua tam gidc ABC thi ABC 1a mot tam giac vudng.

Bai 12. Cho A4BC, dudng phan giac 47 (1 e BC). Trén doan thang IC lay diem H ,tr H ké
duong thang song song v4i Al cat AB kéo dai tai E va cat AC tai F.Chung minh rang:

a) Duong trung truc cua doan thing EF di qua dinh 4 cua A4BC.

b) Pudng trung truc ctia doan thing EF vudng goc véi Al .

¢) Khi H di dong trén tia IC cia AABC cb dinh thi duong trung tryc cua doan thang EF ¢
dinh.

Bai 13. Cho A4ABC c6 ba goc nhon. Cac diém F,K,I1an luot 1a trung diém cac canh
BC,BA,AC . Goi H 1a giao diém cac dudng trung truc A4BC. Trén tia dbi cua tia FH lay



diém A4 saocho 4,F=FH . Trén tia d6i cla tia KH lay diém C, sao cho KH = KC). Trén tia
dbi cua tia IH 14y diém B sao cho IH =IB;.
a) Chtrng minh rang hinh lyc giac AC,BA,CB, ¢ 6 canh bang nhau va 2 trong 6 canh d6 di
mot song song.
b) Chirng minh ring: AABC = A4,B,C,
BA PUONG CAO
Dang 1. Xac dinh trwe tam ctia mt tam giac
Bai 14. Cho A4BC, cac duong cao AK,BN,CM . DPiém H 1a truc tAm cua tam giac. Tim truc
tam cua ABHC, AAHC, AAHB .

Bai 15. Cho tam giac ABC , hai dudng cao BD va CE . Goi M 1a trung diém cia  BC. Chung
minh M thudc trung tryc cua DE .

Bai 16. Doan thing AB va diém M nam giita 4 va B(MA< MB). V& tia Mx vudéng AB 14y
hai diém Cva D sao cho MA=MC,MD=MB. Tia AC vudng cat BD tai E . Chimg minh

1. AE | BD

2. Clatryc tdm cua tam giac A4BD .

Dang 2. St dung tinh chét trie tAm ciia tam giac dé chirng minh hai dwdng thing vudng
gbc, ba dwdong thing dong quy

Bai 17. Cho tam giac LMN nhon va diém S nam trong tam giac. Goi LS cat MN tai P, MS
cit LN tai O . Chung minh ring néu LP vudng géc voi MN va MO vudng goc véi LN thi NS
vudng goc voi ML .

Bai 18. Cho AMNP cén tai M , duong cao PQ cat duong phan giac MS & K . Ching minh

NK 1 MP

Bai 19. Cho A4BC vudng tai 4, ké dudng cao 4AH . Liy diém K thudc doan thing HC . Qua
K ké duong thang song song voi 4B, cat AH tai D. Ching minh 4K 1 CD.

Bai 20. Cho AMNP vudng tai M (MP < MN). Trén canh MN 14y diém Q sao cho MO =MP,
trén tia dbi cua tia MP ldy diém R sao cho MR =MN . Chirng minh:

a) PO L NR.

b) RO L NP.

Dang 3. Van dung tinh chit ba dwong cao trong tam giac dé gidi quyét cac bai toan khac
Bai 21. Cho AMNP cé ba goc nhon, cac duong cao NQ, PR cit nhau tai S.

a) Chung minh MS 1 NP.

b) Cho MNP =65°. Tinh SMR .

Bii 22. Cho A4BC vudng tai 4, ké duong phan gidc BM . Trén canh BC liy diém D sao cho
BD =BA.

a) Ching minh BM 1 AD.



b) Goi H 14 hinh chiéu vudng goc cia Dtrén AC, K 1a hinh chiéu vudng goc ctua 4 trén DM
. Chirng minh ba duong thang 4K, BM,DH dong quy.

PAP SO BAI TAP TU LUYEN
BA PUONG TRUNG TRUC
Dang 1. Xac dinh tAm dwdng tron ngoai tiép tam giac

Bai 1.

C 5 B

AABC cén tai 4 c6 AM 13 dudng trung tuyén cta canh ddy BCnén AM ciing 1a duong trung
truc cua BC.

Vi duong trung truc ctia 4B cit AM & O ABC nén O la giao diém ctia ba dudng trung truc
cua A4BC.

Vay O cach déu ba dinh ctia A ABC.
Bai 2.

B C

a) Piém 0O 1a giao diém 3 duong trung truc cia AABC nén O4A=0B=0C.
b) Tacd OA4=0C nén AAOCcantai O = 4, =C, (1)
AABCcantai 4, A0 la duong trung truc nén A0 la dudong phan giac cia BAC
= 4,=4,(2)
Tu(l)va(2) = 4,=C,(=4,)
Xét AOAD va AOCE c6:
AD = CE (gt)

A1 =C) (cmt)



0O4A=0C
Do d6, AOAD = AOCE(c.g.c)
= OD = OE (hai canh tuong ng)
Viy O nam trén dudng trung truc DE .

Bai 3.

Goi vi tri ba khom hoa d6 1an lugt 1a 4, B, C va vi tri can dat voi xoay phun tudi cay ty dong
12 O thi diém O cach déu ba diém 4, B, C. Do d6 O la giao ciia ba dudng trung truc cta tam
gidc ABC hay O 1a tam dudng tron ngoai tiép tam gidc ABC

Dé xac dinh vi tri diém O ta chi cin x4c dinh giao diém cua hai trong ba duong trung truc cia
tam giac ABC.

Bai 4.

Vi diém O cach déu ba diém A4, B, C nén O 1a giao ciia ba duong trung tryc cla tam gidc
ABC hay O la tim dudng tron ngoai tiép tam giac ABC.

Pé xac dinh vi tri diém O ta chi can xac dinh giao diém cua hai trong ba dudng trung truc cia
tam giac ABC.

Dang 2. Chitng minh ba dwong thing ddng quy, ba diém thiang hang
Bai 5.



B C

a) Tacd AABD=AACD (c.g.c). Tu do6 suy ra AD la dudong trung truc cua BC.

Xét AABC, theo tinh chét ba duong trung truc cla tam gidc nén O thudc dudng trung truc cia
BC.

Viy ba diém 4, D, O thing hang.

b) Taco ABC=ACB, B,=B, = B, =C,.

Chimg minh AADC = A4EB (g.c.g), suy ra AD=AE (1).

Mit khéc, c6 OB=0C, BE =CD (vi AADC =AAEB) nén OD =OE (2).
Tir (1) va (2) suyra 4K la duong trung truc cia BC.

Xét AADE, theo tinh chit ba duong trung tryc cia tam gidc suy ra AK va cac dudng trung
tryc ciia AD va AE dong quy.

Bai 6.
X
4 , o P
I T i
2
12 1
[ ] 3 ul
O 4 E y
B

a) Xét AAOP cd: Ox1a duong trung truc cia PA nén OA=OP,IA=IP
Xét hai tam giac vudng AOAI va AOPI c6: OA=OP,I4=IP

= AOAI =AOPI (ch-cgv) =>01=0> (1)



Xét ABOP c0O: Oy la duong trung truc cia PB nén OB =OP,EB = EP
Xét hai tam gidc vudong AOBE va AOPE ¢6: OB =OP,EB = EP

= AOBE =AOPE (ch-cgv) =03 =04 (2)

T (1)(2) suyra O,+0,=0,+0;=90 °

= A0B=0,+0,+0,+0,=2(0,+0,)=180°

Suy ra ba diém O, 4, Bthing hang.
b) Ta c6 04=0P va OB =OP theo ching minh cau a.
= 04 = OB (= OP)

= O nam trén duong trung tryc ctia 4B .

Xét AABP co:

Ox la duong trung truc cia PA

Oy la duong trung tryc ctia PB

O nam trén dudng trung tryc ciia 4B

Suy ra O la giao diém cta ba dudng trung truc ciia A4BP

Ma O nim trén canh ABciia AABP nén AABP 1a tam giac vudng (Theo ching minh Bai 1

muc IIT cia chuyén dé nay)

Bai 7.

Chtng minh duoc: AMNH =AMPH (canh huyén — canh goc vudng).
Tu @6, suy ra MH 1a dudng trung tryc cia NP.

Theo tinh chat ba duong trung tryc clia tam giac, ta suy ra diém D thudc duong trung truc ctia
NP .

Vaybadiém M,D,H thang hang.

Bai 8.



Tir gia thiét, ta c6: 4B=AC,NB=NC .
— AN 1a duong trung tryc cia BC hay 4,N,M thang hang.

Xét ANBC, theo tinh chit ba dudng trung truc trong tam giac ta c6 cac dudng trung truc cla
NB vaNC dong quy voi dudng thang AM |

Dang 3. Van dung tinh chit ba dwong trung trwc trong tam giac dé giai quyét cac bai
toan khac

Bai 9.

B E r C

Ta cod E nim trén dudng trung truc ciia 4B nén AEAB cin & E = EAB = EBA.
Tuong ty F nam trén dudng trung truc ciia AC nén AFAC can & F = FAC = FCA

Ta cO EAF = BAC—BAE —CAF = BAC—EBA—-FCA =110°-70°=40°
Bai 10.




a) Vi diém O 1a giao diém cac duong trung truc cia A4BC nén O thudc dudng trung truc cla
BC.

AABC cantai A = AB=AC = A thudc duong trung tryc cuia BC.
Vay 40 la dudng trung truc cua BC.

b) Goi H 1a trung diém ctua 4B, K 13 trung diém cua AC.
Xét AHBD va AKCE c0:

BHD = CKE =90"

BH =CK

ABC = ACB (AABC cantai 4)

Do d6, AHBD = AKCE(g.c.g)

= BD =CE (2 canh tuong ung)

¢) AHBD = AKCE = HBD = KEC (2 gbc tuong (ing)

ma ODE,OED lan lugt di dinh v6i HBD,KEC

= ODE = OED = AODE cantai O.

Bai 11.

A

Gia st M nam trén canh BCcua A4BC
Vi M 1a giao diém 3 dudng trung truc ctia tam gidc ABCnén MA = MB = MC
Xét AABM c6 MA=MBnén AABM latam giac can.

—B=4, (1)

Xét AACM c6 MA=MCnén AACM la tam giac can.
—4,=C (2

Trong AABC c6 B+ A4+C =180
=B+ A1+ A42+C=180"

=B+A1+A,+C=180°

T (1) (2) suyra 24 +242 =180°



:>2.(A1+A2):180°

= (4 +4,)=90"= 4=90

= AABC la tam gidc vudng tai A.

Bai 12.

a) Tacod AI/EH = A1 =E (ddngvi)va A,=F, (so le trong)
Ma 4,=4, (Allatia phan giac cia BAC ) nén E=F,

= AEAF la tam giac can ¢ 4

— AE = AF = diém 4 thuoc dudng trung tryc ciia EF

= trung tryc cta doan thang EF di qua dinh 4 cia A4BC.
b) Goi duong trung truc cua EF cit EF tai K.

Tacd AI//EHma AK 1 EH = AK 1 Al

Vay duong trung truc ctia doan thang EF vudng goc vai Al .
¢) AABC cb dinh nén duong phén giac A7 c¢b dinh,

Ma 4K 1 AInén AK ciing cb dinh.

Suy ra khi diém H chuyén dong trén IC thi 4K ludn ¢ dinh hay duong trung truc ciia EF
luén cb dinh.

Bai 13.



+ Xét AAKH va ABKC; la hai tam giac vudng co:
AK =KB , KH = KC
= AAKH = ABKC; (hai canh goc vudng)
—AH=BC\ (1)vd A=B
Vi 41=B: vad vitriso letrong = AH//BCi (2)
+ Xét AAIH va ACIB, 1a hai tam gidc vudng co:
HI=IB, Al =IC
= AAIH =ACIB, (hai canh goc vudng)
=AH =CB1 (3)va 4.=C
Vi 4, =Cy vadvitrisoletrong = AH//CB1 (4)
Tu (1)va (3) = BC,//CB, (//AH)
T (2)va (4) = BC=CB (= AH)
+ Chung minh tuong tu ta c6 AC,// CA,va AC,= CA,; BA1// AB1 va BA, =AB,
Ma H 1a giao diém ba dudng trung truc cia AABC nén AH =BH =CH
Dodé BC,=CB, = AC,=CA, = AB,= BA,

b)



B\ ——C

Aj

Ké BB, , A4,

Xét ABCB, va AB,C\B co:

B,C=C,B (chiing minh trén)

BB,C=B,BC, (2 gbc so le trong cua B,C//C,B)

BB; la canh chung

= ABCB,= AB,C\B (c.g.c) = BC=CB,

Chting minh tuong tu ta dugc 4,B,=A4B, A,C,=AC
Xét A4,B,C;va AABC co:

C,B,=BC, AB,=A4B, A,C,=AC

= AA4,B,C, =AA4BC (c.c.c)

BA PUONG CAO
Dang 1. Xac dinh trwe tam ciia mot tam giac
Bai 14.
A
M
N
-
C
B K

*) Cac duong cao cia ABHCla: HK,BN,CM cét nhau tai 4 .Vay truc tim cia ABHC 1a 4.



*) Cac dudng cao clia AAHC 1a: HM, AN,CK cét nhau tai B . VAy truc tdm ctia AAHC 1a B .
*) Cac duong cao clia AAHB 1a: HM, AM, BK cat nhau tai C. VAy truc tAm cta A4HB 1a C.

Bai 15.

B M C

. 1
Tacod EM la dudng trung tuyén trong AEBC vudng & E , do d6 £EM = EBC (1).

. 1
Tuong tu ta cé ED 1a dudng trung tuyén trong ADBC vudng & D, do d6 PM = EBC (2).

T (1),(2) suyra ME=MD, do d6 M nam trén duong trung truc cia ED.

Bai 16.

a) Do tia ACcat BD tai E nén hai diém C va D nam cing phia v6i 4B.

Do MA=MC va AMC =90"nén tam gidc AMC vudng can tai M.Tuong tu ta c6 ABMD
vudng can tai M.

T d6 suy ra EDC = DCE =45 = CED = 90°= AC 1 BD.

b) Trong tam giac ABD, hai dudng cao AE va DM cat nhau nén C 13 tryc tAm cua tam gidc
ABD

Dang 2. Sir dung tinh chét trye tAim ciia tam giac dé chirng minh hai dwong thang vudng
gbc, ba dwong thang dong quy

Bai 17.



<
N
AN

M

ViMQ L LN, LN L1 MN = S latrgctdm cia ALMN = NS L ML

Bai 18.

XétAMPN can tai M c6 MS 1a duong phan giac (gt) = MS L PN

Lai c6 PO L MN
= K la truc tam cua AMPN
= NK | MP.
Bai 19.
D
B
H
K
A C

(4B 1 AC (g)
Taco: 1 pr 1/ AB (at)

— DK 1 AC (quan hé tir vudng goc dén song song)
Lai c6: CH 1 AD va DK giao CH tai K

= K la truc tam cua AADC = AK 1L CD

Bai 20.



a) Goi RN giao PQ tai S

Taco: MQ = MP (gt) = AMPQ cantai M

Co 0 180° —90° 0
NMP=90 =SPR=___ =45

180° —RMN  180° —90° 0

Tuong tu: SRP = = =45
2 2

Laico: RSP+SRP+SPR=180° ( dinh li tong ba goc trong tam giac)
= RSP =180 — SRP— SPR =90°
= PO L NR.

a) Xét APRN cO6: NM 1 RP(gt)va PS L RN (cmt)
ma NM giao PS tai Q

= QO la tryc tam cua APRN
— RO L NP.

Dang 3. Van dung tinh chit ba duwdng cao trong tam giic dé giai quyét cac bai toan khac

Bai 21.

N H

a) Xét AMNP ¢o: PR L MN (gf), NO L MP (gt)
= S1a truc tam cua AMNP

= MS L NP.



b) Goi MS giao NP tai H

= MH 1 NP = ANMH vuong tai H
= SMR + MNH =90°

= SMR =90° - MNH =90° - 65° =25°.
Bai 22.

a) Tacod: BA=BD(gt)
= ABAD cantai B

Lai c6: BM la duong phan giac (gt)
=BM 1 AD.
b) Xét AAMD c6:

BM 1 AD

AK 1 MD

DH 1 AM
— Ba duodng thang 4K, BM,DH 1a ba duong cao cia AAMD

— Ba duong thang 4K, BM,DH dong quy.

PHIEU BAI TAP
BA PUONG TRUNG TRUC

Dang 1. X4c dinh tim dwong tron ngoai tiép tam giac
Bai 1. Chon dap an dung. Diém cach déu 3 dinh ciia tam giac 13 giao diém cuia:
A. 3 duong trung tuyén.
B. 3 duong phan giac.
C. 3 duong trung tryc.
D. 3 dudng cao.
Bai 2. Chon dap an dung.
a) Cho A4BC tu, giao diém 3 dudng trung truc ctia tam gidc nam:
A. trong AABC.
B. ngoai A4BC.
C. trén 1 canh cua A4BC.



D. trung v6i 1 dinh cua A4ABC.

b) Cho AABC c¢b6 A=90° thi tim dudng tron ngoai tiép tam gidc:

A. nam trong AABC

B. nim ngodi A4BC

C. 13 trung diém cta canh BC

D. trung véi dinh 4 cua A4BC

¢) Cho A4BC nhon, giao diém 3 duong trung truc ciia tam giac nam:
A. trong AABC

B. ngoai A4BC

C. trén mot canh cua AABC

D. trung véi mot dinh ctia AABC

Bai 3. Cho 44BC. V& diém O cach déu ba dinh 4, B,C va v& duong tron di qua 3 dinh cua

tam giac trong mdi trudng hop sau:

a) 44BCla tam giac nhon.

b) 44BCvuodng tai 4.

c) 4A4BCla tam giac tu.

Bai4. Cho 4,B,Claba diém phan biét khong thang hang. Xac dinh duong tron di qua ba diém
do.

Bai 5. Cho A4BC cd A>90°. Cac dudng trung truc clia 4B va ctia AC catnhau & O va cit

BCtheo tht tw & D va E.N&i 4D, AE,0B,0C . Tim tam giic bang AOAD, bang AOAE.

Bai 6. Cho AABC vudng tai 4, duong cao AH . Tia phan giac cla cac goc BAH va CAH cét
BClanluot & D va E. Goi O 1a giao diém cac duong phan giac cua tam gidc ABC.

a) Chtng minh rang dudng tron tdm O, ban kinh 04 di qua ba diém 4,D,E.
b) Tinh s6 do goc DOE.

Bai 7. Tam giac ABC c¢6 4 1a goc ti. Cac duong trung truc cla cac canh 4B va AC cat nhau
& 0. Cac diém B va C co thudc dudng tron tAm O ban kinh 04 hay khong? Vi sao?

Bai 8. Cho A4BC c6 ba goc nhon, O 1a giao diém hai dudng trung tryc cia 4B va AC. Trén
tia d6i cua tia OB ldy diém D sao cho OB=0D.

a) Ching minh O thudc dudng trung truc cia AD va CD.
b) Chirng minh cac AABD, ACBD vudng.
¢) Biét 4BC =70°. Hay tinh s6 do ADC.

Bai 9. Tam gidc ABC c6 ba duong trung tuyén cit nhau tai 0. Biét rang diém O ciing 1a giao
diém cua ba dudng trung truc trong tam gidc 4BC . Chimg minh tam gidc ABC déu.



Bai 10. Cho A4BC déu. Trén canh AB,BC,CA léy theo thuo tu ba diém M,N, Psao cho
AM = BN =CP

a. Ching minh AMNP 14 tam giac déu

b. Goi O 1a giao diém cac dudng trung truc ctia A4BC.

Chting minh rang diém O ciing 14 giao diém cac dudng trung truc ctia AMNP

Bai 11. Trong mot budi tong vé sinh san trudng, 3 t6 can don c6 va rac ctia 3 bon ciy 4, B, C

& 3 goc san trudng. Em hdy gitp 3 t6 chon mot vi tri O dé dit chiée xe day rac sao cho vi tri

chiéc xe cach déu 3 bon cdy do.
Dang 2. Chirng minh ba dwong thing dong quy, ba diém thing hang

Bail. Cho A4BC céntai 4. Dungtam gidc BCD cintai D biét D khac phia véi 4 d6i véi
duong duong thing BC. Goi O 1a giao diém ciia 4B va AC. Ching minh ring 4,0,D thang
hang.

Bai2. Cho A4ABC cintai 4. Goi M 1a trung diém cia BC. Cac dudng trung truc cia AB va
AC catnhau ¢ E

Chung minh ba diém 4, E, M thing hang.

Bai 3. Cho tam gidc ABC cantai 4. Goi G 1a trong tim, O 13 giao diém ba duong trung truc
cua tam giac ABC.

a) Tam gidc BOC la tam giac gi?

b) Ching minh ba diém 4,0,G thing hang?

Bai 4. Cho tam gidc ABC cdn & 4. Goi M 1a trung diém cua BC. Cac dudng trung truc cua

AB, AC citnhau ¢ E. Ching minh ba diém 4, E, M thing hang.

Bai 5. Cho tam gidc ABC cén tai 4 . LAy diém D sao cho tam gidc BCD can tai D ( D va 4
nam khac phia dbi véi duong thang BC ). Chimg minh cac dudng trung truc cia 4B va AC
ddng quy véi duong thang 4D

Bai 6. Cho AABCvudng & 4, D la giao diém hai dudng trung truc ctia hai canh 4B va AC.
Chtng minh B,D,C thing hang.

Bai 7. Cho tam giac ABC cantai 4. M la trung diém cta BC.Ké ME vudng goc AB tai
E, MF vudng goc voi AC tai F .

a) Ching minh rang AM 13 dudng trung tryc cia EF ?

b) K¢ duong thing d vudng gbc 4B tai B, ké dudng thing d’' vudng goc véi AC tai C, hai
duong thang 4 va d’ giao nhau giao tai D. Chimg minh rang ba diém 4,M,D thang hang?

Bai 8. Cho tam giac nhon 4BC. Goi H,G,0 theo thtr tu la tryc tdm, trong tam, giao diém ba
duong trung tryc cla tam giac. Tia AG cat BC& M . Goi I 1a trung diém cia  GA,K 13 trung
diém cua GH . Ching minh:

1

a) OM =_AH
2



b) AIGK = AMGO
¢) Ba diém H,G,0 thang hang
d) GH =2GO

Bai 9. Cho tam giac ABC can & 4, duong phan gidc AK . Cac dudng trung truc cia 4B va
AC cat nhau tai 0. Kéo dai CO cit AB & D, kéo dai BO cit AC & E.

a) Chung minh ba diém 4,K,0 thang hang.
b) Chung minh AK va cac dudng trung truc cia 4D va AE ddng quy.

Dang 3. Véan dung tinh chit ba duong trung trwc trong tam giac dé giai quyét cac bai
toan khac

Bai 1. Cho A4BC cintai A, duong trung tuyén AM . Pudng trung truc ciia AC cit dudng
thang AM tai D.Chung minh rang DA=DB .

Bai 2. Cho tam gidc cin ABC c6 AB=AC . Hai duong trung truc cua hai canh  AB; AC cit
nhau tai 0. Chung minh: 40B = 40C.

Bai 3. Cho A4BC, M latrung diém ctia BC. Cac duong trung truc cia AB va AC cat nhau
tai 0. Tinh s6 do goc OMB.

Bai 4. Cho AABC c6 gdoc A=110°. Pudng trung tric cia cic canh 4B va AC cét nhau tai I.
a) Ching minh ABIC can.

b) Chimg minh BIC =2(180°- BAC) va tinh s6 do goc BIC.

Bai5. Cho A4BC c¢d A=60°. Cac dudng trung truc cia canh AB va AC lan luot cit BC ¢ E
va F . Tinh EAF.

Bii 6. Cho A4BC céntai 4.Puong trung tuyén AM cat dudng trung truc ciia AC tai K .
Chung minh rang K4 = KB = KC.

Bai 7. Cho A4BC cantai 4, 4>90°. Cac duodng trung truc ciia 4B va clia AC cit nhau tai O
va cit BC tai D va E . Chimng minh rang:

a) 04 la duong trung truc cua BC.

b) BC=CE.

¢) AODE la tam giac can.

Bai 8. Chuing minh riang cac dudng trung truc clia tam giac vudng cit nhau tai trung diém cua
canh huyén.

Bai 9. Cho tam giac déu ABC . Goi D va E 1a hai diém 1an luot trén hai canh 4B va AC sao
cho BD = AE . Ching minh rang cac dudng trung truc ctia doan thang DE ludn di qua mot
diém c6 dinh khi D va E di chuyén trén cac canh AB va AC.

Bai 10. Cho A4BC, AC> AB. Hai diém D va E theo tht tu di chuyén trén cac canh 4B va

AC sao cho BD=CE. Ching minh ring cac dudng trung truc cia DE ludn di qua mét diém
c6 dinh.



BA PUONG CAO
Dang 1. Xac dinh tryuc tam ciia mgt tam giac
Bail. Cho AABCcd ABC=90°, AH 1 BC. Em chon phét biéu ding:
A. H latryc tam cia AABC
B. 4 la truc tam cua A4ABC
C. B latryc tam cua AABC
D. C la tryc tam cua A4ABC
Bai 2. Cho A4BC, hai duong cao AM va BN cét nhau tai A . Em chon phat biéu dung:
A. Hlatrong tdm cua AABC.

2
B. HA=_AM v} HB:EBN
3 3

C. Hlatryc tdm cua A4BC; CH la dudng cao cua A4BC.

D. CH la duong trung tryc ciia A4ABC.

Bai 3. Cho A4ABC cantai A ¢6 AM 1 BC tai M . Chon phat biéu ding:
A. AM 13 dudng trung tuyén ciia AABC

B. AM la duong trung truc cua BC.

C. 4AM la dudng phan giac ciia BAC .

D. Ca A, B, C déu dung.

Bai 4. Cho A4BC vuong tai 4. Liy H thudc 4B, vé HE L BC& E. Tia EH cit tia C4 tai
D . Khi do

A. Hlatrong tdm ctia ABCD.

B. H la truc tam cia ABCD.

C. H la giao ba duong trung tryc cia ABCD.

D. H la giao ba dudong phan giac cia ABCD.

Bai 5. Cho tam gidc AABC vudngtai A, duong cao AH . Tim tryc tdm cua cac gidc A4ABC,
AAHB, AAHC .

Bai 6. Cho A 1a tryc tam cua tam giac ABC khong vuong. Tim tryc tdm cua cac tam giac
HBC,HAB,HAC

Bai 7. Cho A4ABC c¢6 A=70°, AB< AC, dudng phan gidc goc 4 cat BC tai D, BF L AC tai
F, Hla giao diém cua BF va AD, E thudc AC sao cho AE = AB.

a) Xac dinh tryc tdm ciia AABE .

b) Tinh s6 do DHF .

Dang 2. Sir dung tinh chit trwe tim ciia tam giac dé chitng minh hai dwong thing vudng
goc, ba dwong thang dong quy



Bai 1. Cho AABC cén tai 4, duong cao BE cit dudng trung tuyén 4D ¢ H . Ching minh CH
tao vé1 AB mot goc 90°.

Bai 2. Cho tam gidc A4BC cintai 4. dudng cao CH cit tia phan giac clia goc A4 tai D.
Chung minh rang BD L AC .

Bai 3. Cho AMNP vudng tai M . Trén canh MN 13y diém O, ké OR L NP(ReNP).Goi O 1a
giao diém cua cac dudng thang PM va RQ. Chirng minh PO L ON .

Bai 4. Cho tam gidc 4BC cantai 4.Lay diém D sao cho 4 la trung diém ciia BD.Ké duong
cao AE cla tam gidc 4BC, duong cao AF cia tam giac ACD. Ching minh rang AE | AF.

Bai 5. Cho tam giac MNP c6 ba goc nhon, cac duong cao NO, PR cit nhau tai S .
a) Ching minh MS 1 NP .

b) Cho MNP = 65°. Tinh SMR .

Bai 6. Cho tam gidc 4BC vuédng tai 4, ké dudng cao AH . Liy diém K thudc doan thing
HC . Qua K ké duong thang song song véi 4B, cit AH tai D.Ching minh 4K 1CD.

Bai 7. Cho tam gidc ABC vudng can tai B.Trén canh 4B ldy diém H.Trén tia ddi cua tia BC
ldy diém D sao cho BH =BD. Chirng minh

a) DH 1 AC. b) CH L AD.

Bai 8. Cho tam giac MNP vuéng tai M (MP<MN). Trén canh MN liy diém ©Q sao cho
MQ = MP, trén tia dbi ctia tia MP lay diém R sao cho MR = MN . Chimg minh:

a) PO L NR.

b) RO L NP.

Bai 9. Cho tam gidc 4BC vudng tai 4, ké duong phan gidc BM . Trén canh BC lay diém D
sao cho BD =BA.

a) Chung minh BM L AD.

b) Goi H 1a hinh chiéu vuéng goc ctia D trén AC,K 1a hinh chiéu vuéng goc ctia 4 trén DM .
Chimg minh ba duong thang AK, BM, DH dong quy.

Bai 10. Doan thang 4B va diém M nam giita 4 va B(MA< MB). V& tia d6 ldy hai diém Cva
D sao cho MA=MC,MD=MB. Tia AC vudng cat BD tai E.Chimng minh:

a) AE L BD

b) Cla tryc tdm cua tam gidc ABD

Bai 11. Cho goc nhon xOy. Trén tia Ox lay diém 4, trén tia Oy lay diém B sao cho

04=0B. K& AC L Oy,BD 1 Ox(C €Ox,D e0Oy). Pudng thing vudbng gbc voi Ox tai 4 va
duong thang vudng goc v6i Oy tai B cét nhau tai M . Ching minh: OM, AC, BD ddng quy.

Bai 12. Cho tam gidc ABC vudng tai 4 c6 BD la dudong phan giac. Trén canh BClay diém E
sao cho BA=BE. V& CH 1 DB. Chuing minh raing BA,DE,CH ddng quy.

Dang 3. Van dung tinh chit ba dwong cao trong tam giac dé giai quyét cac bai toan khac



Bai 1. Cho A4BC déu. Ba duong cao AM,BN,CP cét nhau tai O. Chting minh rang:

a) OA=0B=0C
b) O latrong tdm cila AABC
¢) AM = BN =CP

Bai 2. Ching minh ring mot tam gidc c6 hai duong cao (xuit phat tir cac dinh cua hai goc
nhon) bang nhau thi tam giac d6 1a tam giac can.

Bai 3. Ching minh ring mét tam giac c¢6 ba dudng cao bang nhau thi tam giac d6 1a tam giac
déu.

Bai 4. Cho A4BC vudng tai 4, ké dudng cao AH va trung tuyén 4M . Ching minh tryc tim
cia AABC,AMAB va AMAC thing hang.

Bai 5. Cho tam gidc ABCvudng tai 4. Pudng cao AH. Liy I 14 trung diém cua AC.
a) Ching minh 7 14 giao diém cta 3 duong trung truc AAHC

b) Goi K va D lan luot 1a trung diém cua AH va HC. Chimg minh KD// AC.

¢) Chiing minh BK 1 4D

Bai 6. Cho tam 4BCcan tai 4, hai duong cao BD va CE cat nhau tai I(De AC,E e AB). Tia
AI cit BCtai M. Chirng minh

a) M latrung diém cua BC.

b) Tam gidc MED la tam giac can.

Bai 7. Cho tam gidc ABC cintai 4, dudng trung tuyén AM va dudng phan gidc BD cit nhau
tai K. Goi E la giao diém cta CK va AB.Chimg minh BD = CE.

Bai 8. Cho tam gidc ABC. Hai duong cao 4H,BK cit nhau tai I.
a) Chirng minh ring CI 1 AB.
b) Khi 4CH =50°, hay tinh cadc gbc BIH, HIK.
Bai 9. Cho tam gidc ABCcan tai 4.Hai dudng cao xuat phat tir dinh B va dinh C cit nhau tai
M. Biét gbc BMC =120°, tinh cac gdc clia tam gidc ABC.
Bai 10. Cho tam gidc ABCcan tai A, M la trung diém cua B,C. Goi H va K lan luot 1a chan
cac dudng vudng goc ké tir M dén ABva AC. Chimg minh MH = MK.
Phén III. BAI TAP TU LUYEN
BA PUONG TRUNG TRUC
Dang 1. X4c dinh tim dwong tron ngoai tiép tam giac

Bai 1. Cho A 4BC can tai 4, dudng trung tuyén AM . Pudng trung truc ciia 4B cit AM & O
. Chirng minh rang diém O cach déu ba dinh ctia A4BC

Bai 2. Cho A 4BCcéantai4, O 1a giao diém cua ba dudng trung truc. Ly diém D trén canh
AB , diém E trén canh sao cho 4D =CE . Ching minh rang

a) 0O4=0B=0C.



b) Piém O nim trén duong trung tryc cia DE .

Bai 3. Nha ban Nam c6 mdt manh vuon nho trong hoa va cé nhat. B6 ciia ban Nam nhd Nam
chon vj tri dé dat voi xoay phun tudi cdy tu dong sao cho vi tri do cach déu ba khom hoa ¢ ba
goc vuon nhung Nam lai chua biét tim nhu thé ndo. Cac em hiy gitp ban Nam giai quyét van
dé nay nhé.

Bai 4. Ong Hung c6 ba cira hang 4, B, C khong nam trén mot duong thang va dang mudn tim
dia diém O dé lam kho hang. Phai chon vi tri cua kho hang & dau dé khoang céch tur kho dén
céc cira hang bang nhau?

Dang 2. Chirng minh ba dwong thing dong quy, ba diém thing hang

Bai 5. Cho tam giac 4BC can & A, dudng phan giac 4K. Céc duong trung truc cia 4B va
AC cat nhau tai O.

a) Chung minh ring ba diém 4, K, O thang hang.

b) Kéo dai CO cit AB & D, kéo dai BO cit AC & E. Chimg minh ring AK va cac duong
trung truc ciia AD va AE dong quy.

Bai 6. Cho xOy=90"va diém P nam trong goc d6. Trén mit phang d6 ldy diém A sao cho
Ox 14 dudng trung truc cua doan thang P4 va diém B sao cho Oy 1a duong trung tryc cia
doan thang PB.

a) Ching minh ba diém O, 4, B thang hang.
b) Chirng minh O 14 giao diém cua ba duong trung truc cia A4BP tir 46 suy ra AABP vudng.

Bai 7. Cho tam gidc MNP can & M , duong cao MH . Cac duong trung truc cuia MN va MP
cit nhau & D . Ching minh ba diém M, D, H thing hang.

Bai 8. Cho tam giac ABC cin c6 4 1 goc to. Goi M 1a trung diém ciia BC. N nam trong
tam giac ABC sao cho tam gidc BNC can tai N . Chimg minh dudng thing AM va cac duong
trung truc cia NB, NC ddng quy.

Dang 3. Véan dung tinh chit ba dwong trung trwe trong tam giac dé giai quyét cac bai
toan khac

Bai 9. Cho AABC c¢6 A=110°. Cic dudng trung truc ctia canh AB va AC lan luogt cit BC &
Eva F.Tinh EAF.

Bai 10. Cho A4BC cantai 4, 4>90°. Cac duong trung truc cia 4B va cua AC cit nhau tai
O va cit BC tai D va E.

Chung minh rang:

a) 04 la duong trung truc cua BC.
b) BD=CE.

¢) AODE la tam giéc can.

Bai 11. Cho M la giao diém 3 duong trung tryc ciia tam gidc 4BC. Chimg minh rang néu
M nam trén mot canh cua tam gidc ABC thi ABC 1a mot tam giac vudng.



Bai 12. Cho A4BC, duong phan gidc 4/ (1 € BC). Trén doan thang /C lay diém H,th H ké
duong thang song song voi A7 cit AB kéo dai tai E va cat AC tai F . Chang minh rang:

a) Puodng trung truc cua doan thang EF di qua dinh 4 cua A4BC.

b) Pudng trung truc ctia doan thing EF vudng goc véi Al .

¢) Khi H di dong trén tia IC cia AABC cb dinh thi dudng trung truc cta doan thang EF ¢
dinh.

Bai 13. Cho A4BC c6 ba goéc nhon. Céc diém F,K,Ilan luot 1a trung diém cac canh
BC,BA,AC . Goi H 1a giao diém cac dudng trung truc A4BC. Trén tia dbi cua tia FH lay
diém A, saocho A,F=FH . Trén tia dbi cua tia KH 14y diém C, sao cho KH =KC). Trén tia
dbi cua tia IH 14y diém B saocho IH =IB,.
a) Chtrng minh rang hinh luc gidc AC,BA,CB, c¢6 6 canh bang nhau va 2 trong 6 canh d6 ddi
mot song song.
b) Chimng minh rang: A4BC = A4,B,C,

BA PUONG CAO
Dang 1. Xac dinh trwe tim cia mt tam giac
Bai 14. Cho A4BC, cac duong cao AK,BN,CM . Piém H 13 truc tAm cla tam giac. Tim truc
tam cua ABHC, AAHC, AAHB.

Bai 15. Cho tam giac ABC , hai dudng cao BD va CE . Goi M 1a trung diém cia  BC. Chung
minh M thudc trung truc cia DE .

Bai 16. Poan thang 4B va diém M nam giita 4 va B(MA < MB). V& tia Mx vudng AB 1y
hai diém Cva D sao cho M4 =MC,MD =MB. Tia ACvudng cit BD tai E.Chang minh

1. AE 1 BD

2. Cla tryc tam cua tam giac A4BD .

Dang 2. St dung tinh chét tric tAm ciia tam giac dé chirng minh hai dwdng thing vudng
goc, ba dwong thang dong quy

Bai 17. Cho tam giac LMN nhon va diém S nam trong tam gidc. Goi LS cat MN tai P, MS
cit LN tai O . Chung minh rang néu LP vudng gdc v&i MN va MO vudng goc véi LN thi NS
vuong goc voi ML .

Bai 18. Cho AMNP céntai M , duong cao PQ cét duong phan gidc MS & K . Chimg minh

NK 1 MP

Bai 19. Cho A4BC vudng tai 4, ké dudng cao 4AH . LAy diém K thudc doan thing HC . Qua
K ké duong thang song song voi 4B, cat AH tai D . Ching minh AK | CD.

Bai 20. Cho AMNP vuéngtai M (MP <MN). Trén canh MN ldy diém Q sao cho MO =MP,
trén tia d6i ciia tia MP lay diém R sao cho MR = MN . Ching minh:

a) PO L NR.

b) RO L NP.



Dang 3. Van dung tinh chit ba dwong cao trong tam giac dé giai quyét cac bai toan khac
Bai 21. Cho AMNP c6 ba goc nhon, cac duong cao NO,PR cét nhau tai S.

¢) Chung minh MS 1 NP.

d) Cho MNP =65". Tinh SMR .

Bii 22. Cho A4BC vudng tai 4, ké duong phan gidc BM . Trén canh BC liy diém D sao cho
BD=BA.

¢) Chirng minh BM 1 AD.

d) Goi H 1a hinh chiéu vudng goc cia Dtrén AC, K 14 hinh chiéu vudéng goc ciia 4 trén DM
. Chimg minh ba duong thing 4K, BM, DH ddng quy.
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